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Abstract. Let G be a complex algebraic semi-simple adjoint group and X 
a smooth complete symmetric G- variety. Let L = ®aL a be the direct sum 
of all irreducible G-equivariant intersection cohomology complexes on X, and 
let £ = Ext Dc ^ x j (L, L) be the extension algebra of L, computed in the G- 
cquivariant derived category of X. We considered £ as a dg-algebra with 
differential dg = 0, and the £ a = Extp^^j (L, L a ) as £-dg-modules. We 
show that the bounded equivariant derived category of sheaves of C-vector 
spaces on X is equivalent to Dg(£ a ), the subcategory of the derived category 
of £-dg-modulcs generated by the £ a . 



1. Introduction 

The aim of this paper is to give a description of the equivariant derived category 
of a smooth complete symmetric variety. Let G be a complex algebraic semi- 
simple adjoint group, a an automorphism of G of order 2 and H = G° . Let 
X be a complete symmetric variety containing G/H, as defined in [7], section 5: 
this is a smooth compactification of G/H with a G-action (extending the action 
on G/H) and with a G-equivariant morphism to the canonical compactification 
described in From [H] and [7J we have the following results on the G-orbits of 
X: X \ (G/H) is the union of irreducible smooth G-stable divisors with normal 
crossings, say D\, . . . , D m ; any non-empty intersection n . . . C\Di n is the closure 
of a single G-orbit, and, conversely, for any G-orbit O in X, O is the intersection 
of the Di containing O. We consider X as a complex analytic variety, with its 
transcendental topology. 

We denote by T) h G (X) the bounded equivariant derived category of sheaves of 
C-vector spaces on X; we let Dg C (X) be the subcategory formed by constructible 
objects (it is introduced in [3] - we recall the points we need in section l2~T|l . Let S 
be the set of G-orbits of X. For a G-orbit O, let tq be the group of components 
of the stabiliser. A representation p of tq induces a G-equivariant local system 
on O and we let L p be the corresponding intersection cohomology complex. Since 
0\0 consists of normal crossings divisors, L p is in fact a sheaf. It is known that, 
for any orbit O, there exists s with tq — (Z/2Z) S (we recall this in section 0J. 
In particular, for p irreducible, the local system L p \q is of rank 1. The category 
Dq c (X) is generated by the L P Q , for all O, p as above. We set L = ®L£> e 
T)q c (X), where O runs over S and p runs over the irreducible representations of 
tq- We consider the graded ring £ = 0- gN Ext l (L, L) (here Ext l (L,L) denotes 
Hom^ ( X )(L,L[i\)). We view £ as a differential graded algebra ("dg-algebra"), 
with differential d,£ = 0, and we denote by Df the derived category of £-dg-modules, 
introduced in -3j (we recall its definition in section l2~TJl . We let T>s(£ Q ) be the 
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subcategory generated by the £ -modules £ P Q — ©j 6Z Ext l (L, L p ), for all O in S 
and all irreducible representations p of tq. 

On general grounds recalled below (a kind of derived version of the Freyd- 
Mitchell embedding theorem) there exists a dg-algebra R with cohomology H (R) ~ 
£ such that the category D G C (X) is equivalent to a subcategory of Dr. We will 
prove that we can actually take R = £. 

Theorem 1.1. With the above notations, the categories D b G C {X) and Dz(£ ) are 
equivalent. 

The statement of this theorem is inspired by questions of Soergel (see ^3] , ^3] 
where it is asked whether it holds for a Langlands parameter space, instead of a 
symmetric variety here) . The case of general (possibly singular) toric varieties was 
done by Lunts in \YA\ and we follow the principle of his proof. Some difficulties 
appear: unlike the toric case, for a G-orbit O, the smallest open G-stable set 
containing O is in general not homotopically equivalent to O; moreover we may 
have non-connected isotropy groups. 

Let us say a word about the algebra £ . For two G-orbits O and O', O fl O' is 
a (smooth) orbit closure, say O fl O' = O" . Let c be its complex codimension in 
O' . If p and p' are the trivial representations of tq and tq>, then ~Ext'(L , L p ,) ~ 
H'q 2c (0") (in this paper for a group G and a topological space Y with a G- 
action, we denote by H G {Y) — H G (Y; C) the G-equivariant cohomology of Y, with 
coefficient in C). Hence, in the case where all to are trivial, the computation of £ 
reduces to the computation of H' G (0), for all G-orbits O of X. But is a "regular 
embedding" in the sense of definition 5 of [21 (this means that O has a finite number 
of G-orbits, that each G-orbit closure in O is the transversal intersection of the 
codimension 1 orbits containing it, and that, for each p <E O, G p has a dense orbit 
in the normal space at p to the G-orbit containing p). In 2 there is a description of 
the equivariant cohomology of a regular embedding, say Y, as a subalgebra of the 
product of the equivariant cohomology algebras of the G-orbits of Y. Note that, for 
a G-orbit G • p, p &Y, H G (G ■ p) ~ H Gp ({pt}) only depends on the stabiliser of p. 
For a symmetric variety, these stabilisers G p can be determined from the action of 
the involution on the root system of G with respect to a suitable maximal torus. 
Hence we have a method to compute the H' G (0), for all G-orbits O of X . This 
could lead to a combinatorial description of the algebra £ and the modules £ a , at 
least when the groups to are trivial. We note that in the case of toric varieties the 
computation of the equivariant intersection cohomology from combinatorial data 
has been carried out in and 0]. 

The plan of the proof mostly follows that of Lunts in the toric case (see |13|1. 
The principle is the following. We first show that C (X) is equivalent to Du{H ), 
where H is a sheaf of dg-algebras on a finite set /, Du denotes the derived category 
of sheaves of 7i-dg-modules, and the H are 7i-modules corresponding to the L p 
(I and H are described below). On a finite set, the category of sheaves has enough 
projectives, so that, for each H a , we may choose a projective resolution Pq — > 
H Q . We set P = ©-Pq, where the sum is over all G-orbits O and irreducible 
representations p of to- We consider the dg-algebra R = Hom(P',P ) and the 
left i?-modules R a = Hom(P',P^). Since D G C (X) and Du{H ) are equivalent, 
we have H'(R) ~ £ and H'(R ) ~ £ a . We let Dr be the derived category of 
left i?-dg-modules. By general arguments, the functor Dn{H a ) — > Dr(R ), F 
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Hom(P' , F) is an equivalence of categories. Now, any quasi-isomorphism R — » R' 
between two dg-algebras induces an equivalence of categories between Dr and Dr> , 
by restriction and extension of scalars. Hence the theorem is proved if we show that 
R is quasi-isomorphic to its cohomology (such dg-algebras are called "formal"). 
We give the details first assuming that all tq are trivial. 

1) We recall the following facts about D G C (X) (see section |2~T|) . Let E be a 
universal bundle for G. By the construction of Bernstein-Lunts in [3], the category 
Dq c (X) is the subcategory of D(E x G X) generated by the sheaves induced by 
G-equivariant constructible sheaves on X. More precisely, in our situation it is 
generated by the sheaves E x G Lq, which are equal to E x G = C £xg ^, since 
we assume that the tq are trivial. However, there is no slice theorem for a G-action 
and we find it easier to work in the equivariant derived category for the action of a 
compact group. In fact, if K is a maximal compact subgroup of G, the restriction 
functor D G (X) —* T) b K (X) is fully faithful. Since D h K (X) is itself a subcategory of 
D(E x K X), this identifies Dq c (X) with the subcategory of D(E x K X) generated 
by the C EXkS . 

2) Following J^j , we obtain a category equivalent to D(E x q X) as follows. From 
now on, we assume that the maximal compact subgroup K is compatible with a 
(i.e. a commutes with the conjugation on G induced by K). We decompose X 
according to the if -orbit types, and take the connected components: X — \_\ ieI Xi. 
This is a stratification of X, which is precisely described in [2]. We let (j> : X — » I 
be the map such that <j>(Xi) = {i} and endow I with the quotient topology. We 
also denote by -0 : E x K X — > I the induced map. Since G is linear, we may take 
for E an increasing union of G-manifolds (e.g. Stiefel manifolds), E = UfceN-^fc- 
Then the sheaves of C°°-forms of degree i on Ek xjf X, XjfJl form a projective 
system, and we define ^ex k x as the projective limit of the ^E k x K x- The complex 
Q Exk x has a natural structure of sheaf of dg-algebras and it gives a soft resolution 

of Cex k X- 

We set A = ^*(^ex k x)- This is a sheaf of dg-algebras on I. We consider 
the direct image functor 7 : D Gc (X) — > D^, F' 1— > iP*(Qex k x <S> F'). We prove 
that j(Gq) ~ A.^rQ\, for any G-orbit O, and that 7 gives an equivalence between 
D G c (X) and D_4 (A^^ps ) . This point uses the following property of our stratifica- 
tion. For j G I, we let Vj C X be the smallest open subset of X containing Xj and 
constructible with respect to the stratification X — |_J ie/ Xj. Then, there exists a 
if-equivariant homotopy contracting Vj to K ■ Xj , for some Xj G Xj . 

3) Let 7i be the cohomology sheaf of A, i.e. the sheaf on I associated to 
U 1— ► H'(A(U)). We consider H as a sheaf of dg-algebras with differential 0. We 
prove that there exists a sequence of quasi-isomorphisms A <— A' —> A" H 
(actually there are 5 steps in this sequence). This implies that the categories 
D A (A rt>( p ) } and 'DnCH^o)) are equivalent. 

Let us remark that the sheaf A is determined by the stalks Ai, i G I, since we 
are on a finite set. For a given i G I, the formality of the dg-algebra Ai is easy: we 
have Ai — A((f>(Vi)), with Vi as above, and H'(Ai) is the if -equivariant cohomology 
of K ■ Xi, since Vi has a retraction to K ■ x%. Since H K (K ■ Xi) — H'k x ({pt}) i s 
a polynomial algebra (because K Xi is connected), any choice of representatives for 
its generators gives a quasi-isomorphism H K ^ ({pi}) — > Ai. But, of course, to 
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obtain the formality of the sheaf of dg-algebras A, we need additionally that these 
quasi-isomorphisms commute with the restriction maps Ai — > Aj, for i G {j}. 

The construction of the sequence of quasi-isomorphisms above makes use of the 
description of the stabilisers given in [2]. Let us briefly recall it. Let S be a maximal 
split torus of G and denote by xo G X the class of 1g, xq S G/H C X. Then S ■ xq 
is a smooth toric variety for the action of S' = S/(S (~l H) = S/{t G S; i 2 = 1} and 
contains a toric subvariety Z, with the following properties. Taking intersection 
with Z gives a bijection between the set of G-orbits of X and the set of ^-orbits 
of Z. Moreover the action of K in X has a fundamental domain Cx C Z. We 
set S 111 = S fl if ; this is a maximal compact subgroup of S. For cc^ € Xj PI Cx, we 
have, modulo a finite group, the decomposition K Xi = S% x JQ, where = S^;. 
and .K, = if Xj D K a , only depend on the stratum Xj. Hence 7ii = ({pi}) — 

H^({P*})®ffk 4 ({P*})- 

Now we build a morphism from H' S9 ({pt}) to A- Let v G V, be the irre- 
ducible G-stable divisors of X and £>„ the G-orbits such that D v = O v . We denote 
by S% the stabiliser in S c of O v n Z. Then S| = FLeA, ^ where A, = {» £ 
V; Xi C -Dt,}, and H S a({pt}) ~ C[3„; w G A<], with degS^ = 2. Let 5 V be the 
G-equivariant fundamental class of D v in X and G fi|; XK -x a representative of 
<5„. For i G I, we define /, : iJ S c({pt}) — > A, S„ i-> £ v |j5x K vi. 

For the factor Ki in the decomposition, using the Cartan model for the K- 
equivariant cohomology, we prove that we have quasi-isomorphisms: 

T(E/Ki;n E/Ki ) <^Wi^ H Ki ({pt}), 

where the Wi are intermediate dg-algebras, which are subalgebras of the Weil alge- 
bra of the Lie algebra of K. These quasi-isomorphisms only depend on the choice 
of a connection on E. They are compatible with the natural maps from H K {{pt}) 
to H K .({pt}) induced by inclusions Kj C Ki (and the similar maps between the 
de Rham algebras). Finally, the maps /j ® gi and /j ® hi give compatible quasi- 
isomorphisms between the Ai and the TLi. 

4) By steps 2 and 3, the categories D b G C (X) and D«(W^^) are equivalent. Now 
we may apply the "principle" explained above to the category . Indeed, we can 
build explicit projective resolutions, using Cech coverings of /. Let Pa — ► ^^(o) 
be such a resolution, P = ® Pq and R = Hom(P',P). To conclude the proof of 
the theorem it is sufficient to show that R is quasi-isomorphic to its cohomology. 
The sheaf 7i itself has differential and this fact can be used, as in J3]> to endow 
R with a graduation different from the canonical one. With this graduation, we 
prove that H l (R) vanishes for i ^ 0. Hence R is concentrated in degree 0, and 
quasi-isomorphic to its cohomology, by the natural morphisms R <— r< P — > H(R). 

This was the idea for the case where all isotropy groups are connected. In general, 
simply taking the direct image to I as above would send some local systems to 
objects quasi-isomorphic to (for example, let H be a finite group, V a non-trivial 
irreducible representation of -ff, L the if-equivariant local system on the point 
corresponding to V, then we have H H ({pt}; L) = - recall that we work with 
coefficients in C). So we modify step 2 as follows. 

2'. a) Let Le be the sheaf induced by L = ®( p \ L P Q on E x K X. We will 
replace the dg-algebra A = iP*(0<exkx)> representing R4>*{Cex k x) 1 by an algebra 
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representing Rip^RHom(LE, Le)- Let us consider a variety Y endowed with two 
sheaves T, L' which are local systems on subvarieties Z, Z' and outside (here 
Y = Ek Xjf Vi, for some k and i, and L — Ek Xjf T^,^, L' = Ek Xjf L p ,\y^). Here 
is how we represent RHom(T, V). We assume that Z n Z' is a smooth subvariety 
of Z'. We consider tubular neighbourhoods: Ti of Z n Z' in 7, T of Z \ Ti in 
y \ Ti, T' of Z' \ Ti in Y \ Ti. We choose them so that T n T' = and Ti n T 
is a tubular neighbourhood of Ti n Z (and the same for T"). We extend T to a 
local system L\ on Ti U T and extend Ti by outside Ti U T; we define L[ from T' 
similarly. Then we show that RHom(T, T') ~ RHom(Li, Ti) and that the complex 
of sheaves RHom(Li, Ti) is actually a sheaf (concentrated in degree 0). Hence we 
may represent RHom(T, L') by the complex T(Y; ily <8> Hom(Li , L[)) . 

We want to make this procedure work not only for two sheaves T, V as above, 
but for all pairs L p 0l L p ,, simultaneously. For this, we prove that we can decompose 
X into "tubes" Tj, such that X = \_\ ie jTi, with the following properties. For a 
G-orbit O and a representation p of to, we set Z£, = {x G X; (T^) x 7^ 0} and 
T^ = U{i-v cz p } Ti- Then T^, has an extension, T^, to T^ and we have, for any 
other pair (C, //): 

RHom(T^, L p a ,) ~ RHom(T^, Lg',) and H i (KHom(L%, L ,p ',)) = 0, for t 7^ 0. 

We set L' E = E x K (O p) T^ and define ip' : E x K X -> I by ip'(E x K T t )^ {i}. 
Then „4' = iPK^IexkX <S> Ttom(L' E , L' E )) is a sheaf of dg-algebras on J, such that 
TT'(^l-) ~ Ext'^, K / v a (L\vi, L\vi)- We also have a direct image functor 7 : D^-(X) — > 
D.4', T 1 1— > V'K^sxk^ ®riom{L' E ,J)), for an injective resolution F — > J of T. 
Setting M£> = 7(T^), 7 gives an equivalence of categories between C (X) and 

2'.b) This procedure almost replaces step 2 above: we have built a sheaf of dg- 
algebras on /, whose derived category is equivalent to ~Dq c (X). But our sheaf 
A' is not so easy to handle, because the "tubes" Tj are not intrinsically related 
to the data. We first built a second sheaf B, quasi-isomorphic to A' as follows. 
Let us consider again the variety Y endowed with local systems T, T' on subva- 
rieties Z, Z' extended to L\, L[ on Ti U T, T\ U T". Let us assume moreover 
that Z n Z' has a neighbourhood T2 containing Ti and such that the inclusion 
Z n Z' C T 2 is a homotopy equivalence. Hence we may extend L\ and L\ to 
local systems, T2 and T 2 on T 2 . For c = coding Z n Z', we have a "Gysin 
isomorphism" Ext' (L\znz' , L'\znz') ^ Ext' +2c (T, T') given by the multiplica- 
tion by the fundamental class, S, of Z n Z' in Z'. Let £ e r(Y; (fif?) Tl ) be 
a representative of S. Then the multiplication by £ gives a quasi-isomorphism 
r(T 2 ; fi T2 ® Hom{L 2 , T 2 )) -» r(Y; fiy ® Hom(L u Ti))[2c]. Our sheaf 6 is defined 
as follows. For ie/, recall that the inclusion Xf C Vi is a homotopy equivalence, so 
that the L p Q \xi extend as local systems, L p f , to V*. We set T" = £xx0^ p ^ T£, f 
and Bi = Y(E x K V^; Q EXKVi <g> Hom(L" , T")). The above Gysin isomorphism im- 
plies that we have a quasi-isomorphism £> — > .4'. Now, as a sheaf, £> is intrinsically 
defined from the data of X, the local systems L P Q and the stratification. However 
we also have to understand what the multiplicative structure becomes through the 
Gysin isomorphism: for a third local system L" on a subvariety Z", we have a com- 
position Ext'(T, T') xExt'(T', L") —> Ext'(T, T"). Rs counterpart on the extensions 
groups Ext' (L\znz' , L'\znz'),- ■ - is also given by the composition, but twisted by 
fundamental classes of some subvarieties obtained from intersections of Z, Z', Z" . 
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More precisely, let us consider A, A', A" C V, such that Z = f] v£A Ex K D v , Z', Z" 
being obtained in the same way from A', A". For W C V, we set S(W) — Ylvew S v . 
The Gysin isomorphism, from Ext' (L\ Z nZ' , L'\znz') to Ext' +2c (i, L') is then given 
by the multiplication by <5(A \ A'), and the product 

Ext'(L|xnz', L'\znz') X Ext'(L'\z>nz", L"\ z >nz>>) — > Ext'(L\znZ", L"\zr\Z") 

is defined by the composition of the cup-product on Z PI Z 1 n Z" and the multipli- 
cation by 5((A' \ (A U A")) U ((A n A") \ A')). The product in B is defined by a 
similar formula, where the classes S v are replaced by their representatives already 
introduced above. We prove that we can choose a chain of quasi-isomorphisms as 
in step 3 compatible with the product. The final step 4 is the same as in the case 
of connected isotropy groups. 

Here is the plan of the paper. In section[5]we recall some facts about equivariant 
derived categories, Weil algebras and constructible sheaves. In section [3] we con- 
struct the dg-algebras A' and B of steps 2'. a and 2'.b above. The main result of this 
section is proposition 13.71 In section 01 we recall some results of [23 on symmetric 
varieties and use them to prove that the hypothesis of proposition 13 . 71 are satisfied. 
Sections [SI and are devoted to the proofs of steps 3 and 4. 

Notations. Notations for functors on sheaves are taken from jTH]. For a topological 
space X, we denote by D(X) (resp. D b (Xj) the (resp. bounded) derived category 
of sheaves of C- vector spaces on X. If X is a real analytic manifold, we denote by 
D^_ C (X) the subcategory of E) b (X) formed by complexes with real constructible 
cohomology. The constant sheaf of group M on X is denoted Mx ■ The direct and 
inverse images by a map i : X — > Y are denoted z* and i~ l . If X and Y are separated 
and locally compact, i\ denotes the direct image with proper supports. If i is the 
embedding of a locally closed subset X of Y", and F £ D(Y), we set Fx = i\i~ 1 F and 
for a group M, Mx = (My)x- We will also use Tx{F), which is the subsheaf of F 
given by the sections with support in X, when X is closed, and the sheaf U h- » F(UP\ 
X) when X is open; in general we have Txnx'F = Tx^x'F. The homomorphisms 
sheaf is denoted Hom(;-). We recall that RT X (F) ~ RHom(C x ,F). For F e 
T) b (X), we set F* = RH.om(F,Cx)- We will sometimes use the notation, for a 
subset Z C Y and F £ D(Y~), RT{Z; F) = RT(Z; F\ z ). 

For a triangulated category D and objects M a £ D, we denote by T>{M a ) the 
triangulated subcategory generated by the M a , i.e. the smallest triangulated sub- 
category of D containing the M a . For a complex M', n £ Z, M[n] denotes the 
complex M>] = M i+n with differential {-l) n d M - 

For a manifold X, we denote by fix the de Rham complex of X. If not specified, 
the cohomology of a space is taken with coefficients in C. 

Acknowledgements. The author would like to thank Michel Brion for many expla- 
nations and useful comments. 

2. Preliminaries 

2.1. Equivariant derived categories. In this section we recall some results of [3] 
and about equivariant derived categories and (sheaves of) dg-algebras. Wc 
consider, for the convenience of exposition, a linear Lie group G with finitely many 
connected components (in section^ G will be complex semi-simple). We let K be 
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a maximal compact subgroup of G. Hence the variety G/K is isomorphic to an 
affine space R fc . 

We consider a sequence of embeddings of G-manifolds Ei C E^-y with free 
actions such that H k (Ei) — for < k < i (since G is a linear group, one may 
choose Stiefel varieties for the Ei). We set E = UieN^' endowed with the limit 
topology. The bounded equivariant derived category of X, D G (X), is the category 
formed by the triples F = (F x ,F,/3) where F x G D b (A), F G D b (E x G X) 
and j3 is an isomorphism between the inverse images of Fx and F on E x X. 
The morphisms from F to F 1 = (F x , F' , (3') are the pairs of morphisms (ux,u), 
ux ■ Fx — > -Fx, u : F ^ F' commuting with j3 and It is shown in [j^ that 
Dq(A) is independent of the choice of E. (The reason to assume that E is a limit 
of manifolds is to be able to define functors such as the proper direct image or 
the extraordinary inverse image.) If X is a real analytic manifold, we denote by 
Dq c (X) the subcategory of D G (X) formed by the triples F above such that Fx has 
real constructible cohomology sheaves. By [3], lemma 2.9.2, the forgetful functor 
F = {F x ,F,f3) ^F identifies D b Gc {X) as a full subcategory of T) b {E x G X). 

Let q : E x k X ^ E Xq X he the quotient map. The restriction functor Rk,g '■ 
D G, c PO ~> V b K.c( x ), (M X ,M,P) i ► (Afx.f^I)^), is fully faithful. Indeed 
for F, F' e D b Gc (X) we have an isomorphism Hom^ ( X ){F, F') ~ H°(E x G 
X; RTtom(F, F')), and the corresponding isomor phismin D b Kc (X). Since the fibres 
of q are acyclic, we have, VAf £ B b Gc {X), H°(E x K IjT^M)) ~ H°(E x G 

X; M). This implies the claim because of the isomorphism RK,G(R'H om (F, F')) ~ 
RHom(R KtG (F),R KtG (F')). 

For a G-orbit, O ~ G/H, of X, we denote by to = H/H° the group of connected 
components of the isotropy group H . The G-equivariant sheaves with support O are 
in correspondence with the representations of to- (Let us recall that the objects 
of D G (X) concentrated in degree correspond to the G-equivariant sheaves on 
X .) For a representation p of tq, let L p denote the corresponding local system 
on O. Let us assume that G has finitely many orbits in X and that the tq are 
finite. Let i ■ O -> X be the inclusion of the orbit O. For F € B b G c (X), i^F 
decomposes as i^F — ®iL P o[di}. We consider the morphisms u : F — * i?(i )„i eJ 1 F 
and v : ®i{io)*L p i [di] — * i?(io)*i c , 1 F and denote by F u (resp. the third object 
of a distinguished triangle built on u (resp. v). If is open in suppF, then 
supp F u and supp F v contain less orbits than supp F. We deduce that the category 
T> G C (X) is generated by the io*L , where O runs over the G-orbits and p over the 
irreducible representations of to- Hence the restriction functor identifies D^. C (X) 
with the subcategory of D b K C (X) generated by the io*L Q (viewed as objects of 

As in the introduction, we let ^EiX K x denote the sheaf of C°°-forms of degree 
d on Ei Xk X, and we set ^ex g x = ^HB^ ^EiX G x- The complex ^1'ex k x ^ s a so ^ 
resolution of Cex g x by a sheaf of differential graded anti-commutative algebras. 

We call dg-algebra a non-negatively graded algebra over C, A = (BiewA 1 , en- 
dowed with a differential d of degree 1 such that, for any homogeneous elements 
a, b, d(ab) = (da)b+ (— l) dcgo a db. In QJ Lunts considers a sheaf of dg-algebras, A, 
over a topological set / with finitely many points and defines the derived category 
D.4 as follows. We denote by the category of sheaves of dg-modules over A. A 
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morphism / : M — > M' is called a quasi-isomorphism if V« € I, fi : Mi — ► M/ is 
a quasi-isomorphism. We consider K.4, the category with the same objects as 
and with sets of morphisms quotiented by the null-homotopic morphisms. Then 
D_4 is the localisation of by the quasi-isomorphisms. There is a substitute 
for the notion of projective object in this framework: an object P G is said 
-R'-projective (see ^H] and P- 74) if HomK^(-P, •) = HomD A (P, •)■ 

Let A be the graded algebra underlying A and the category of (non differen- 
tial) graded A-modules. For M, N G M A , we set Hom n (M, N) = Hom MA [M, N[n]) 
and, for / G Hom"(Af, AT), df = d N o f - (-1)"/ o d M . This turns Hom™(Af, N) 
into a complex, and we obtain a bifunctor from x M^4 to the category of 
complexes of abelian groups. Denoting by RHom its derived functor, we have 
Hom D ^(M, N) ~ H° RHom(M, N). 

Here is how to obtain AT-projectives in M^. For an open subset U of / and 
an .A-module F, let Fjj be the extension by of F\jj- For M G M^, we have 
Horn' (Ajj, M) = T(U;M). For a point i G I, we denote by Ui the smallest open 
subset of / containing i. These fundamental open sets generate the topology of /. 
For a sheaf F on / we have Fi = F(Ui). Hence the functor of sections over Ui is ex- 
act and the ^4-module Aiji is ^-projective. One may deduce that the category 
has enough AT-projectives and hence also enough AT-fiat objects (see proposi- 
tion 1.7.4). Let (j> : A — > B be a morphism of sheaves of dg-algebras on I such that 
Vi G /, H(cf>i) : H(Ai) — > H(Bi) is an isomorphism. By ^2]> proposition 1.11.2, the 
functors of restriction and extension of scalars induce an equivalence of categories 



2.2. Formality of classifying spaces. An important point in the proof of theo- 
rem ^3 is the fact that some de Rham algebras are formal, i.e. quasi-isomorphic 
to their cohomology algebras. We will use in particular the following consequence 
of the results of for a compact Lie group K with universal bundle E (given 
as above by a sequence of A'-manifolds) the de Rham algebras T(E/H; Q' E / H ) are 
formal in a compatible way for all subgroups H C K (see lemma l2~^l below) . 

Let us first recall the definition of the Weil algebra W(t) of a Lie algebra 6, as 
explained in (see also [§]). As a graded C-algebra, W(t) = A'(6*)<g>S"(6*), where 
A'(t*) denotes the exterior algebra of t* and elements of A 1 (6*) ~ 6* have degree 
1, and S'(t*) denotes the symmetric algebra of t* and elements of S' 1 (t*) ~ 6* have 
degree 2. The algebra W(t) is endowed with a differential, 6, of degree 1, and 
derivations, for any x € 6, i(x) of degree —1, 9(x) of degree 0. They satisfy the 
relations, for x, y € 6: 



They are defined as follows. First we note that, for a connected Lie group K, 
with Lie algebra 6, A' (6*) is identified with the left invariant subalgebra of Cl'(K) 
and inherits the differential d\, the contraction i\(x) by the vector field associated 
to x G 6, and the Lie derivative 8a(x). Explicitly, for (x,x') G 6x6*, we have 
i\(x)(x') — (x,x'), 9\(x)(x') — —ad^x'), and, for dual basis (xi) of 6, {x\) of 6*, 
we have c?a = \ J2i x 'i^A(xi). 



(1) 

(2) 
(3) 



6([x,y]) = 6(x)6(y)-9(y)6(x), 
9(x) = i(x)S + Si(x). 
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Now we define i(x), 9(x) and 8 on W(t). Since they are derivations, they are 
uniquely determined by their values on the generators of W(t). In the following 
formulas, x G t, x' G A x (r) ~ f, 5' 6 S 1 ^*) ~ 6* (recall that deg(x') = 1, 
deg(x') = 2). We let h : A 1 (6*) S 1 ^*) be the natural isomorphism and we 
consider dual basis (xi) of t, (x'A of I*. With these notations we have: 

i{x)(x' (g> 1) = i A (a;)(a; / ) = (x,x'}, »(z)(l ® = 0, 

6>(x)(x' O 1) = -adl(x') ® 1, 0(a;)(l ® £') = -1 ® a<4(x'), 

5(a/ (8) 1) = d A (x') 1 + 1® /i(ar'), 5(1 ® £') = x 'i ® 

By 0, theorem 1, we have: 

(4) H°(W(t),S) = C, Vt > 2T(W(I), S) = 0. 

Definition 2.1. Let {A,cLa) be a dg-algebra. One says that 6 acts on A, if A is 
endowed with two linear maps, i, 6 : t — ► Der(^4), from 6 to the space of derivations 
of A, such that, Vx £ 6, i(x) is of degree —1, 8(x) of degree 0, i(x) 2 = and i, 9, 
d,A satisfy the relations Q to J2J, with d.A instead of S. In this case, the subspace 
of "6-basic" elements, 

At- b = {a e 4; Vi e 6, i{x)(a) = 9(x)(a) = 0}, 

is a sub-dg-algebra. 

We note that, if 9 is given by differentiation of a AT-action in A, and K is 
connected, then the subalgebra of A'-invariants is A K = {a 6 A; Vi £ 6, 9(x){a) = 
0} (in general A K is not stable by (1a)- The main example is given by the de Rham 
algebra Q'(T) of the total space of a AT-principal fibre bundle, r : T — > £?: for 
.t G t, i(a;) and #(x), are the usual contraction and Lie derivative associated to the 
vector field on T induced by x. We have 0'(T)j_b ~ il'(B). For W(t), the elements 
annihilated by all contractions i(x), x G 6, are the elements of S(t*); hence, if A" is 
connected, W(l) t - b ~ (S*(r)) x . 

For a AT-principal fibre bundle T as above, recall that a connection on T is the 
data of projections, VP e T, ^ : T P T -> 7>(t _1 t(P)), such that Vfc G if, fcP 
is conjugate to </>p by the action of k (and the <$>p vary differentiably). Since the 
derivative of the AT-action naturally identifies 6 with Tp(t~ 1 t(P)), a connection 
corresponds to a morphism /:£*—> J7 1 (r). More generally, for a dg-algebra 
(A, cZx)) with a t-action, a "connection" on A is a linear morphism / : i* — > A 1 
satisfying: 

(5) VzGfi, Vx'gT, i(x)(/(x')) = 0(z)(/(x')) = /(-ad* (a/)). 

We extend naturally / to an algebras morphism, still denoted by /, from A'(t*) to 
A. But in general, / does not commute with the differential. The algebra W(t) 
has the following universal property: we may extend / to an algebras morphism, 
/ : W(t) — > f2'(T), with the following values on the generators: 

f(x' ® 1) = f(x'), /(l ® fc^)) = d A (f(x')) - f(d A (x')), 

commuting with the differentials, the "contractions", i(x), and the "Lie deriva- 
tives", 9(x). In particular, for the if -principal fibre bundle T above, we obtain a 
morphism / : W(t) — > f2(T), and it induces a morphism on the basic sub-algebras 
f:(S(t*)) K ^n-(B). 

The following result can be found in 0, though not explicitly stated. This is 
also a particular case of theorem 4.3.1 of 0. 
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Theorem 2.2 (0, [§]). Let H be a connected compact Lie group with Lie algebra 
f), A a dg-algebra with \)-action and a connection. We assume that H l (A) = for 
i>0 and H°(A) = C. Then H{A^ b ) ~ S(f)*) H . 

We return to the situation of a compact connected Lie group K, acting on a 
universal bundle E which is an increasing union of if -manifolds, E = |L E^. We 
choose compatible connections on the Ei (i.e. the connection on Ei is the restriction 
of the one on Ei+±). This gives a connection, in the algebraic sense of (J5J, / : 6* — > 
T(E;Cl E ). It induces a dg-algebras morphism / : W(t) — > T(E;Cl' E ), compatible 
with the contraction i and the Lie derivative 9. For a connected subgroup H C K, 
with Lie algebra f), the action of t on W(t) obviously restricts to an action of f). 

Lemma 2.3. With the notations H , K , E, f, introduced above, the space of h- 
basic elements ofW{t) is W{l\- b ^ (A'(f) x )®5'(r)) H ; w/iere \) x C 6* denotes tfje 
orthogonal of\). The projection W(t)^- b — * iS'(f)*) is a quasi-isomorphism. The 
morphism induced by the connection, W(t)f)— b — > r(_E; f^)f)-& — ^(E/H;£L' E , H ), 
also is a quasi-isomorphism. 

The normaliser of H , N K {H), acts on W(l)f,- b , and T(E/H; fl E/H ), 

and the above morphisms are Nx{H)-equivariant. For another connected subgroup 
Hi C H C K, with Lie algebra f)i, we have a commutative diagram 

T(E/H; n E/H ) W(t)t,- b S-(t)*) H 

\ \ I 

t(e/h i; q e/Hi ) < W(t)^ b — - s-m^ , 

where the horizontal arrows are quasi- isomorphisms. 

Proof. The [)-basic elements of W(k) are the elements annihilated by all i(x) and 
9(x) for x S E). Since i(x) is a derivation and acts trivially on S' (6*), the set of 
elements of W(k) annihilated by all i{x), x S f), is A'(F)- 1 -) (g> 5'(t*). Since H is 
connected, the elements annihilated by the 9{x) are the 7J-invariants. Hence we 
have the description of W(t)fj- b given in the lemma. By this description, W(t)(,_b 
admits a projection to S'(t*) H and hence to S'(t)*) H . 

Let us choose an 7J-stable decomposition 6 = fj © V". It induces an iJ-equivariant 
splitting (7 : f)* — > 6* ~ W 1 ^). This is a connection on W(t), for the f)-action, 
in the sense of J5J. Hence it gives a morphism of dg-algebras g : W(tf) — + W(i). 
By Q and theorem the induced morphism 5 : S'(t)*) H ~ W(f))(,_6 — > 
is a quasi-isomorphism. We note that, by definition, g also is a splitting of the 
projection q : W{t)§- b — » S'(l)*) H , so that q is a quasi-isomorphism too. 

The composition f\ — fog : \f — > f2]j) also is a connection on T(E; £l E ), for 
the rj-action. Hence it gives a morphism fx : W(t)) — » T(E; £l E ), and we have fi = 
fog. By theorem |2 . 2l again. the induced morphism on the f)-basic elements, (fx)h- b 
is a quasi-isomorphism. Since (g)t)- b also is, (/)(,-& : W(t)f,_6 — > F(_E; is a 

quasi-isomorphism, as claimed. 

The compatibility of the above morphisms with the iV^-(7J)-action and the com- 
mutativity of the diagram follows from the functoriality of the construction. □ 

2.3. Constructible sheaves. Here we recall some results of JO] on constructible 
(complex of) sheaves on real analytic manifolds. Let Y be a real analytic manifold. 
We say that a locally finite partition of Y by locally closed real analytic manifolds, 
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Y = \_\ ie jYi, is a stratification if Vi,j G I, y n Yj ^ implies 7, C Yj. For two 
closed subsets A, B of T*Y, which are conic, i.e. stable by the action of R>o in the 
fibres, we let A+B be the subset of T*Y defined as follows (see definition 6.2.3 
and remark 6.2.8): in a local chart U ~ R d of Y, (x,£) G T*U ~ R d x R d belongs to 
iff there exists sequences (x n , £„) G A, (y„, ?y„) G _B such that x n — > a;, y n — > x, 

+ — > 6 and |x„ — J/n||Cn| — * 0. We let Try '■ T*Y — > y be the projection and set 
T*Y = {{y,Cj e T*y ; y G y, {^T y Y l ) = 0}. We say that the stratification is a 
^-stratification if Vi ^ j G J such that ^ C FJ we have (T£ y+7%y) n ^(Y) C 
Ty. y. We note that if y = Uig/^i i s a M _s t ra tification then so is the product 
y x R rf = ^ x an( i if 5" = Uiej i s a ^-stratification of the d-sphere 
then so is the cone over it: R d+1 = {0} U (IJjpj R->o ■ Si) (the condition is trivial 
at the vertex and at other strata the stratification is diffeomorphic to a product). 
Finally, if a submanifold Z of Y = \_\ ieI Yj, intersects all strata transversally and 
the partition is a ^-stratification, then so is the partition Z — \_\ ieI Zfllj. 

For a complex of sheaves F G D h (y), we have the notion of micro-support, 
SS(F), which is a closed conic subset of T*Y . We refer to definition 5.1.1 of [TU] 
and just recall that, if Y = \_\ ieI y is a /i-stratification, and F is constructible with 

respect to this stratification, then SS(F) C | |^ T Y .Y (see proposition 8.4.1 of [TU]). 

We denote by Dj l _ c (y) the subcategory of D b (Y) formed by complexes with real 
constructible cohomology (with respect to any stratification). We will use several 
times the following results of [TU|. 

Lemma 2.4 (JO], lemma 5.4.14). Let Y be a real analytic manifold, F G DR_ c (y), 
G G D & (y) and assume that SS(F) n SS(G) C T Y Y . Then the natural morphism 
RTLom{F, Cy) ® G — > RTCom(F, G) is an isomorphism. 

Lemma 2.5 (JOli lemma 8.4.7). Let Y be a real analytic manifold, F G DR_ c (y), 
/ : y — > R a real analytic function such that /| SU ppF is proper. For e > we set 
Z = / _1 (0), Z £ = f~\[0,e}), U £ = /- x ([0,e[). Then there exists e Q > such that, 
Ve, < e < So j we /i<we i/ie isomorphisms 

H Z (Y: F) ^ H Zc (Y; F), H(Z S ; F) ^ H (U £ ;F) ^ H (Z; F). 

2.4. Local systems outside normal crossings divisors. We make here some 
easy remarks on local systems defined outside normal crossings divisors. Let Y be a 
smooth complex manifold and (D v ) ve y a finite family of smooth normal crossings 
divisors. We set U = Y \ {J veV D v . Local systems (over C) on U are in bijective 
correspondence with complex representations of wi(U). For such a representation, 
p, we denote by L p the associated local system. 

We fix v G V and set Y v = Y \ {J w ^ v D w , D' v = D v nY v . We let T v be a tubular 
neighbourhood of D' v in Y v , homeomorphic to the normal bundle of D' v in Y v , and 
with a projection tt v : T v — > D' v . For x G T v D U = T v \ D' v , the fibre ir~ 1 ir v (x) ~ C 
is oriented, and we let j x be a loop in Tt~ l TT v (x) with base-point x and turning +1 
time around 0. Now, let b G U be a base-point, r a path from 6 to x. The conjugacy 
class of the image of r" 1 ^ x t in 7Ti([7) is well-defined. We denote it by C x . If x' 
is another point of T v n 17, and 7 : [0, 1] — * T v n J7 a path from x to a;', the loops 
j x and 7 _1 7 X < 7 are homotopic. It follows that C x is independent of x. Hence the 
image of C x by p also is well-defined up to conjugacy. We call it the monodromy 
of L p around D v . We quote the following facts for later use. 

Lemma 2.6. Ln the above situation, let L be a local system of finite rank on U . 
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(i) // the monodromy of L around D v is Id, then L extends as a local system, 
L' , to Y v . For w ^ v, the monodromy of L' around D w is the monodromy 
of L around D w . 

(ii) Let j : U — > Y be the inclusion. We assume that p factors through a finite 
quotient ofiri(U). If, for each v G V, the monodromy of L around D v has 
no eigenvalue equal to 1, then Rj*L ~ j^L ~ j\L. 

Proof, (i) Let j v : U — > Y v be the inclusion. It follows from the definition that 
L' = (j v )*L has the required properties. 

(ii) The assertion is equivalent to (Rj*L) x = for any x G Y \ U . Since this 
is a local problem around x, we may assume that Y = C™, and we have coor- 
dinates . . . , x n ) such that x — (0, . . . , 0), D v = {x v = 0}, v = 1, . . . , m, 
U = X\ {Jv=i,...,m D v Then i.R l 3* L )x = lim y H l (V n U\L), where V runs over 
neighbourhoods of 0. We may assume V of the type V = {(x); Vi, \xi\ < e}. 
Then V n U decomposes as a product V (1 U ~ R 2 "-™ x (S 1 )™ and m(V n U) 
acts on L\vnu through a finite abelian group. Hence we may decompose L\vnu 
into a sum of irreducible components, Lk, which are local systems of rank 1. Then 
Lfe ~ C R 2„- m IE • • • Kl L™, for rank 1 local systems L 3 k on S 1 . The monodromy 
of Lfe around Dj is the monodromy of L° k around S 1 . By hypothesis, it is not 1, 
so that L{ is non trivial and we have H°{S l ;L{) = H x (S l ;L{) = 0. The Kunneth 
formula yields Vi, H % (V fl U; L) = 0, as desired. □ 

3. Categories of sheaves and dg-algebras 

We consider a manifold Y endowed with a finite stratification Y = |_| ie j Yi by 
locally closed submanifolds. We denote by (j> : Y — > I the natural map and endow 
/ with the quotient topology. We consider sheaves, (L a ) a£ A on Y, constructiblc 
with respect to this stratification and which are local systems of finite rank on 
Z a = {x G Y\ (L a ) x / 0}. We will realize D(Y)(L a ) as a derived category of 
dg-modules over a sheaf of dg-algebras, A, on the finite set I (see proposition 13.71 
below). This sheaf A will be quasi-isomorphic to R<f>*R?tom((BL a , ®L a ). We make 
the following hypothesis on the stratification and the L a . 

Assumptions 3.1. Let Y be a complex manifold endowed with a finite ^(-strati- 
fication, Y — \_\ ieI Yi, by real analytic submanifolds. We assume that Y is an 
analytic open subset of an analytic manifold, X, such that Y is compact and has 
a stratification, Y — YJ, satisfying: Vi G /, Yi = Y fl Y- (note that Y has no 
additional stratum). For i G /, we define, as in section ITT1 Ui to be the smallest 
open subset of I containing i: 

(6) Ui - {j G I; Y, G 

We consider a finite family of (complex) smooth, connected, normal crossings di- 
visors, (D V ) V £V, on Y. We assume that the divisors are union of strata: D v = 
Uie-T ^ or some Iv C /. We define: 

(7) for A G y, Z A = n,, eA C 5 = {Acy;Z A ^ 0}. 

We also consider a finite family of constructible sheaves, (L a ) ae A on Y, and set 
Z Q = {x G (i a )a; 7^ 0}. We make the following hypothesis on these data: 

(i) Vi.i'G J, 3j e J, C/inC/i/ = C/j. 
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(ii) Vi € I there exists a homotopy h : [0, 1] X <j> 1 (Ui) — ► <j> 1 (Ui) contracting 
<f> (Ui) to a submanifold Y{ of Yj and preserving the closures of strata: 
Vj G U h h([0, 1] x Yj) c Y}. 

(iii) Vt G I, Vv G V, 3j £l,Ui\ <j>{D v ) = Uj. 

(iv) Va G A, 3A a e S, 3A' a c (V \ A a ) such that Z a = Z Aa \ \J veA , a D v . 

(v) Va G A, L a \z a is a local system on Z a with monodromy —Id around each 
ZA a n £>„, for w G A^ (see section ITU . 

Example 3.2. We will verify in section 0] that the decomposition of a symmetric 
variety given in [2] satisfies these assumptions. A more simple example is given 
by smooth toric varieties: let T — (C*) be a torus, D C T a subgroup consisting 
of order 2 elements and T' = T/D. Let Y be a smooth T'-toric variety, with the 
action of T through T' . We let (Yj)j e j be the stratification given by the T'-orbits, 
{D v ) V £\r be the set of T'-stable irreducible divisors. For a T'-orbit O and x G O, 
we set to = T x /T°; we have r ~ (Z/2Z) C °, for some c a G N. The irreducible 
T-equivariant local systems on O correspond to irreducible representations of tq. 
Let A be the set of pairs a = (0,p), where O is an orbit and p an irreducible 
representation of to- We let A Q G S be such that O = H^ga anc ^ be the 

local system on O given by p. Since to is a 2-group, the irreducible representations 
are one dimensional and the elements of to act by 1 or —1. In particular L' a has 
monodromy Id or —Id around any divisor D v n O (for u such that O D v and 
OC~\D v ^ 0). We let be the set of v £ V for which this monodromy is —Id. Then 
L' a extend as a local system to Z& a \ (J^pA' D v and we let L a be the extension by 

of this local system. Then the assumptions above are satisfied in this situation. 

Remarks 3.3. 1) In fact we do not use the complex structure; only the geometry 
of the intersections of the D v matters. In particular, the strata Y$ are not assumed 
to be complex. 

2) In view of lemma l2~?)l hypothesis (iv) and (v) have the following consequences: 

let 

ja '• Z a > Y be the inclusion. Then L a — R{ja)*{L a \z a ) — (ja)*(-^a|z Q ) — 
{j a )i(L a \z a ) (or, with different notations, L a ~ RT z a (L a ) ~ (L a )z a )- For G 
A, we will give representatives for the complex RHom(L a , Lp). We already note 
that 

RHom(L ai Lp) ~ RHom((L a ) Zai , RTz p (Lp)) ~ RHom(L a ,RT Zc ,nz fi {Lp))- 

In particular, if Z a n Zp — 0, then RHom(L ai Lp) = 0. 

3) We note that Yj, is closed in _1 (J7i) (because the strata contained in Yi \ Yi 
cannot be in </> -1 ([/i)) so that U% \ {i} is open in /. In particular, if Ui — Uj then 

1 = j. Hence the j in hypothesis (i) and (iii) are unique. 

4) For any i G I and any closed subset J of Ui, the homotopy h of (ii), also 
contracts (/)~ 1 (J) to Y(. Hence the inclusions Y- C </> -1 (J) C _1 (J7i) are homotopy 
equivalences (i.e. induce isomorphisms on all homotopy groups). In particular 
the inclusion Y^ C 4>~ l {Ui) is a homotopy equivalence. Hence, for any a G A 
and i G / with Yi C the local system L a |y; has a unique extension to a 
local system defined on <^ -1 ([/i). We denote this extension by L a ^. We have 
L a ,i\<j,- 1 (u i )nz , — Lal^-im^nZa an d, for j such that Yj C ^ a and Yi C Y/, we have 
an isomorphism u, L j : L a J\4t-^(u ) — L a ,j- Since Uij is determined by its restriction 
to Yj, the Uij, G I 2 , satisfy the same relations as their restrictions to Z a . In 
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particular they satisfy the cocycle condition which says that the L a ,i glue together 
into a local system, say L a , on Uu-YiCZo,} Ui- 

5) Since the Ui form a basis of the topology of I, a sheaf F on I is determined 
by its stalks F{ — F(Z7j), for all i G J, and the restriction maps, F$ — > F,-, for all 
i,j £ I with i G {j}. Conversely, the data of groups Fj, for all i £ I, and restriction 
maps, /j-j : Fj — > F,-, for all i,j € I with i G {j}, satisfying fijof jk = f ik (whenever 
it makes sense) define a sheaf on I. 

Notations 3.4. We introduce the following notations, for a, (3 G A: 

Z a p = Z a n Zp, d a p — codim z Z a p, I a p — cj>(Z a p), 

A' af} = (A' a \ A'p) U (A£ \ A'J, V aSj = 0(Z ActUA/J \ (U„ eA ^ A,)) \ I a p, 

and, for i G ^/3,i as in remark 1X^1 (4), we introduce the following sheaf 

on ^(Ui): Cl a p ti = n^-i^.) ®Hom(L ati ,Lp t i). 

Let us prove the following facts: 

(a) if I a p = then I' a p = $; in any case l' a(i C I a p- 

(b) I a p U I' a/3 is open in I a p. 

(c) V* G I' afj , B\j G I a p, such that Ui \ <f>(\JveA' a nA' A>) = U s . 

For (a) we note that I a p = means (n„eA a A> \ LLeA' a D w) H (fLeA^ A> \ 
U«, e A' A«) = 0> which is equivalent to fXeA^uAp A> c LLeA'^uA' Aw, or also to 
(A Q UA^)n(A^UA^) ^ 0. Since A Q n A^ = and A^nA^ = 0, this implies that 
(A a U Ap) n A' a/3 ^ 0, and then Z AaUA ^ \ (U„ 6A ; A) = 0- In particular, I' Q0 = 

as claimed, and I' a p C I a p. Now we note that Z a p is open in Z Aa \j Afj . Arguing 
locally around each connected component of Z AaUA/3 , we deduce that, if I a p =/= 0, 
we also have I a p = (p(Z AaUAfi ) D I' a p- 

For (b), we have I a p \ (I a p \Jl' a/3 ) = (/>(Z AaUA/3 n (\J veA > a A)) and this is closed. 

For (c), applying hypothesis (iii) of assumptions 13. l1 several times, we know 
that there exists a unique j £ I such that Ui \ 4>({J veA i nA / D v ) = Uj. We note 

that Ui n l a p ^ and I a p <t </>(UueA' nA' A) (remark that 7^ 0), hence 
Uj n Iq,/3 7^ 0. This implies j G I a p. But i ^ I a p \ [I a p U Jig) which is closed, 
hence j I a p \ {I a p LI Jig) as well. We thus obtain j £ I a p U i^a. Since j ^ 
0(U„eA' o nA£ A), this implies j G I a p. 

Definition 3.5. For i £ I' a ^, we denote by i(a,f3) the element j £ I a p given by 
assertion (c) above. We define a sheaf A a/3 on I by its stalks at i £ I: 

( T^iUy^apJ) [-2d a p] if i £ I a p, 

(8) Af = I Af if i £ I' ap and j = i(a,0), 

and the natural restriction maps. Let us check that this is indeed a sheaf. The 
first case (i £ I a p) defines a sheaf, say A 1 — </>*(fiy ® Hom(L a , L^)) (with L a , Lp 
as in remark l3~3l (4)), on I a p- Then the second case defines a sheaf, say A", on 
I a p U I' a p, as u*^4.", where u is the inclusion u : 7 a/ 3 ^> / a/ g U I' a/3 . Finally the third 
case defines A a/3 as the extension by of A" . 
We also define A = ® a ,peAA a/3 . 
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Remarks 3.6. 1) The stalks A" are defined to be when the stratum Yi is 
included in a divisor D w such that the local system H.om(L a , Lp) (on Z a p) has 
monodromy —Id around D w . This definition is justified by remark 31 (2) above. 

2) For A* 13 ^ (i.e. i £ I af3 U I' a/3 ) and Y, C D v , we have: v G A' a v G A^. 
Hence: 

(9) fo^^o, u i n\J v ^ a Dv = u i n\J veA > fi D v = u i n\J veA , anA , D v . 

We will introduce an algebra structure on A. For v G V, D v has a fundamental 
class, S v G iff, (Y; Cy). We choose representatives, G T(F; Of-), of the S v . For 
A, A', A" G 5," we set 

(10) V(A, A', A") = (A' \ (A U A")) U ((A n A") \ A') 

and for a, 0, 7 G A, i] a p~ ( = l\ veV £ v , where V = V(A Q , A^, A 7 ). For a, 0, 7 G A, 
we define a morphism m a ^ : A 01 ^A a0 -> .4 Q7 as follows. For i G ^(^nZ^n^), 
we define a sheaf morphism 

(r <g> u) (81 [a ® u) h-> (?7a/3 7 r cr) ® (i> o it) , 

where cr, r are sections of Q^-im.i and u, v sections of TLom sheaves. We set to"' 37 — 
T((j> (Ui); n\p^). This definition extends to other i E I, either by restriction to 
the case i G 4>(Z a n Zp fl Z 7 ) or, trivially, when one of the terms is 0. Indeed, if 
iel\ <j){Z a nZpC] Z 7 ) satisfies ^f 7 ^ 0, ^" /3 ^ and A" 7 ± 0, then we have, 
by ©, 

Pi \ ^(IUa^a; D v) = Ui \ 0(U„ eAL nA^ A,) = U % \ <KU eAL nA; A,). 

It follows that, for the same j G 4>{Z a n ^ H Z 7 ), we have ^f 7 = ^ 7 , .A"' 3 = Af, 
A" 1 = A" 1 '. This allows one to define to"' 3 ' 7 . By definition, these morphisms to"' 3 ' 7 
commute with the restriction maps and we obtain a sheaves morphism to"^ 7 : 
A^ 1 <£> A a/3 — > .4 a7 , as claimed. (The justification for the definition of this product 
is given in section B. 3. 21 ') 

Now we define a product to on .4 = (B a ,p^AA al3 by to = ©to ' 3 ' 7 . One checks 
that to is an associative product using the straightforward identity: 

(11) VaP~/ Va~/S = VP~/S VafiS- 

Hence A is a sheaf of dg-algebras on /. For a G A, N a = (B a 'eAA a a has a natural 
structure of .4-module defined in the same way as the product of A. The result of 
this section is the following equivalence of categories. 

Proposition 3.7. Let Y — |J ig jY be a stratified complex analytic manifold, en- 
dowed with normal crossings divisors D v , v G V , and sheaves L a , a £ A, satisfying 
assumptions \S. l\ For a choice of forms £ v G T(Y;fly), we define a sheaf of dg- 
algebras A on I , and A-modules N a as above. 

Then, there exists a choice of £ v such that we have an equivalence of categories 
between D(Y)(L a ) and D^(N a ) sending L a to N a . 

The proof is given at the end of this section. 

Remarks 3.8. 1) In fact one could prove that two choices of representatives £„, 
£' v of the 5 V give quasi-isomorphic sheaves of dg-algebras, A, A': with f„ such that 
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£ v — £' v = dCv, and replacing Y by Y x C, endowed with = + d(t( v ) (t is 
the coordinate on C) and the data Y, x C, D„ x C, L a M Cc, we could build a 
third sheaf A + on I, quasi-isomorphic to A and A'. Hence the conclusion of the 
proposition is valid for any choice of £„, but we will not use this result. 

2) The results of this section will be applied to Y — E X, where X is a 
symmetric variety under the action of a semi-simple complex algebraic group G, K 
a suitable maximal compact subgroup of G and E a universal bundle for K . Of 
course, E is not a manifold, but we may assume that it is an increasing union of K- 
manifolds, E = |J fe Ek , and consider the de Rham algebra of Y, fly — hm fc ^E k x K x ■ 
The stratification Y = 1^ and the divisors D v will be given by a i^-invariant 
stratification of X and X-invariant divisors. All constructions in this section can 
be made iC-invariant (if we choose if-invariant functions fa in notations 13.91 below, 
by averaging under the action of K) and transpose to Y = E Xk X. 

3.1. System of tubes. Our first task in the proof of proposition 1X71 is to "com- 
pute" the global sections T a pi — i?r(0 _1 ([/,); RHom(L a , Lp)), for i G I, a.,0 £ A 
(to compute just means to find suitable representatives). For this we replace the 
strata Yi by a system of "tubes" , Tj (with T.- L closed enough to Yi so that the local 
systems L a |rj extend to Tf) with the properties: (i) replacing L a by its extension, 
say L' a , to the union of tubes U{i;r i cz a } ^ doesn't change the global sections T a p i} 

(11) the complexes RHom(L' a , L'p) are in fact sheaves. The precise statement is given 
in proposition 13. 1 II below. The first property implies that the category D(Y)(L a ) 
is equivalent to the ~D(Y)(L' a ) (see lemma l3~T^l below) . The second property will 
be used to define a sheaf of dg-algebras, B, on /, such that D(Y){L' a ) is equiva- 
lent to a subcategory of Dg (definition 13.181 and proposition I3.19|) . The proof of 
proposition ^ . 7l will then be achieved by showing that B and A are quasi-isomorphic. 

Notations 3.9. First we assume that the finite set indexing the stratification is 
/ = {1, . . . , n}, ordered such that dimF^ < diml^+i, for i — 1, . . . ,n — 1. Recall 
that Y is open in an analytic manifold X and Y is compact, with a stratification 
Y = UieJ satisfying: S /, Yi = Y n Y(. For i = 1, . . . , n — 1, we choose 
a neighbourhood of Yi, %, whose closure is a neighbourhood of Y[ in Y. We 
also choose real analytic functions fi : Y — > R, such that JiiYi) C R>o and 
= /^^O) n i^. For fc < n and £i, . . . , e k > 0, we define 

Ti(ei) = {y e Yi; < e x }, . . .,T fe ( £l , ...,e fe ) = {y e f fc ; / fc (y) < e fe } \ |J Tj. 

By abuse of notations we will write T^e) = T,-(ei, . . . , £») for any e of length greater 
than i. We also set T n (s) = Y\ \_\ i<n Ti(e). For a union of strata, Z, we set: 

(12) r z (e) - U e j T,(e), where J satisfies Z = \J ieJ Y >- 

Definition 3.10. We call "set of bounds" a subset B e]0, +oo[ fc such that 3e\ > 0, 
Vei < £?, > 0, Ve 2 < e§, 3e° k > 0, Ve fc < e», ( £lj ...,e fc ) e B. 

We note that a set of bounds is non-empty and that the intersection of two sets 
of bounds is a set of bounds. The aim of this paragraph is to prove the following 
result. 

Proposition 3.11. Let Y — |J i=1 n Yi be a stratified analytic manifold as above. 
Let Z\,Zi <Z Y be locally closed subsets of Y which are unions of strata. Let C 1 , C? 



EQUIVARIANT DERIVED CATEGORY OF A COMPLETE SYMMETRIC VARIETY 17 



be local systems respectively defined on neighbourhoods of Z\ and Z2 ■ Then there 
exists a set of bounds B c]0, +oo[ n ~ 1 such that Ve £ B, setting Tz = Tz(e), C 1 is 
defined on Tzi and we have: 

(i) There exist natural morphisms C l Tz — > C z . and they induce isomorphisms 

(13) RHom(^ Zi , C 2 TZ2 ) ^ RHom(£y Zi , £|J ^ RRom(£ 1 Zl ,£% 2 ). 

(ii) For any locally closed union of strata Z <zY such that Z\, Z 2 C Y \ Z , we 
have an isomorphism 

(14) RTiY^RHomiC^,^))^) ^ RT(Y;(RHom(C Zl ,C% 2 )) z ). 

(Hi) If Z\ C Z2, then RTLom{Cl rz ,Ct z ) * s concentrated in degree 0. 

(iv) Let us assume that Zi and Z\ PI Zi are smooth and let fi : Z2 > Z2, 
v : Z\ n Z2 Z\ n fee t/ie inclusions. We assume that Rfi*(£ 2 \z 2 ) = w{£ \z 3 ) 
and Rv*(C 2 \z 1 nz 2 ) — v\{£ 2 \z 1 nz 2 )- Then, for any open union of strata V C Y, 

(15) RRom(£ Zl \v,r.% 2 \v) - RT(T v ;Hom(C^ Zi , C 2 J). 

The proof will be given at the end of the paragraph. We first deduce the following 
corollary, which gives a category equivalent to D(Y)(L Q ). 

We consider Y and L a , a £ A, as in assumptions l3.il We choose neighbourhoods 
of the Z a on which the local systems L a may be extended to local systems L+. 
For a,/3 E A, we set Z x = Z a , C 1 = L+, Z 2 = Zp, C 2 = L+. Then, Z 2 and 
Z\ n Z2 are open subsets of intersections of some D v , hence smooth. Moreover, 
by assumptions 13. II (v), C 2 has monodromy —Id around each irreducible divisor of 
Z2\Z2 and the similar property holds a fortiori for C 2 \z 1 nz 2 - Hence, by lemma lTol 
the hypothesis of proposition 13. 1 ll (iv), are verified. 

Notations 3.12. We choose a set of bounds, B, such that the conclusions of 
proposition 13. Ill hold for Z\ = Z a , C 1 = L+, Z2 = Zp, C 2 — Lp, for any pair 
(a, (3) £ A 2 . We fix e £ B and set: 

Ti = Ti (e) , T a = T Za (g) , L' a = (L+ ) Ta . 

Corollary 3.13. The categories T)(Y)(L a ) and D(Y)(L' a ) are equivalent. 

Proof. This is a consequence of the natural isomorphisms l|13f) . By definition the 
category D(Y)(L a ) is the union of the full subcategories D„, n £ N, where Do 
consists of the L a [k], a 6 A, k £ Z, and D n+ i is obtained from D„ by adding 
objects H appearing in distinguished triangles F —> G — > H^—^, with F, G £ D n . 
We write in the same way D(Y)(L^} = IJD^. We assume by induction that we have 
an equivalence, 5 n , between D„ and D^, together with functorial morphisms r n (F) : 
Sn{F) F such that S n is given on the morphisms by composing isomorphisms 

Hom D „ (F,F') ^ Hom D(r) (<5 n (F),F') ^ Kom D ,J5 n {F), 5 n (F')) 

induced by r„(F), r n {F'). (The first step is given by p.) Let F A G -> F^ be 
a distinguished triangle as above, F' = 6 n (F), G' — S n (G) u' = 5 n (u) and consider 

a distinguished triangle F — ► G — > F' — >. We extend the square built on u, u', 
r n (F) and r„(G) to a morphism of triangles: 



F — 


^G' — 


— *- H 


1 






F — 


—s- G — 


— F ■ 
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We set H' = 8 n +i{H), r n +i(H) — r and we have to define the images of the 
morphisms. First, for X £ D n , we have long exact sequences of homomorphisms 
groups: 



Hom(X, F) Hom(X, G) Hom(X, H) s- 

III 

Hom(<y„(X), F) Hom(<y n (X), G) Hom(5 n (X), H) »■ 

t t t 

Uom(S n (X),5 n (F)) ^Uom(8 n (X),5 n (G)) ^Uom(8 n (X),8 n (H)) ■ 

By the five lemma it gives an isomorphism Hom(X,H) ~ Hom(8 n (X),S n (H)), 
which we use to define S n on Hom(X, H) . In the same way, we may define S n 
on Hom(H, X), still for X £ D„. Then we may assume X £ D„ + i in the above 
diagram, and this defines S n on Hom(X, H) for X, H £ D„ + i, satisfying the com- 
patibility with r„ + i. □ 

Now we give some preliminary results before we prove proposition 13. 1 ll 

Lemma 3.14. Let Y = |_L =1 „ Yi, fi, be as in assumvtions \'S.l\ and notations VJ.'.A 
There exists a set of bounds B c]0, +oo[ n_1 such that Ve £ B and any union of 
strata Z <zY : 

(i) if Z is closed then so is Tz(s), and Z C Tz(e), 

(ii) if Z is open then so is Tz(e), 

(iii) Vii < ■ ■ ■ < i p < n, and y £ Y such that fi t (y) — , we have dfi 1 A ... A 
dfi p (y) 7^ 0. In particular, locally around any point y £ Y , the partition 
Y = LI (e ) is homeomorphic to R d = {xi < 0}U{xi > 0, x 2 < 0}U{a;i > 
0, . . . , x q -i > 0, x q < 0} U {xi > 0, . . . , Xq > 0}, for some q. 

Proof. Of course (ii) follows from (i) because T Y \z(§.) — Y ' \Tz(e). We prove 
(i) by induction on n, the case n = 1 or 2 being obvious. Recall that Y is open 
in a manifold X. For i such that Yi fl Yi — 0, we also have Y\ X n Y t x = 0, 
because otherwise the stratification of Y x would have additional strata. Since Y x 
is compact, we deduce d(Yi,Yi) > 0. Hence we may choose r > smaller than 
mm{d(Y u Yi); Yi (1 Y = 0} and sup{d(Y u y); y £ Y ], for all j. Then, for e? such 
that Ti(£?) C {y_£ F; < r} and for < ei < e?, we have Ti(ei) n % ± if 

and only if li C Yi, and moreover Vj 7^ 1, Yj tfi T\(s\). 

The induction hypothesis applied to Y' = Y\Ti(ei) stratified by the Y( = Y'CiYi 
gives a set of bounds B'(ei) c)Q, +oo[ n ~ 2 for which (i) holds in Y' . For i such that 
Yi<~)Yi Y = we may choose Ei small enough so that Ti(ei)n{y £ Yi; fi(y) < ei} = 0. 
In particular, restricting to a smaller set of bounds B"(e\), we may assume that 
lifei) nTi{e) Y = 0. Let Z c Y be closed. 

If Yi C Z then T z = Ti(ei) U T zn r'- Since T Zf)Y ' is closed in Y', T z is closed 
in Y = Ti(ei) U Y' . By induction we also have Z n Y' C T z n Y' and this implies 
2CT Z . _ 

If Yi <£_ Z then Z only contains strata Yi such that Yl n Yi = 0, so that 7i(ei) fl 
Ti = %. It follows that Z C Y' (and Z is closed in Y'). This also gives Ti(ei) n 
(Tz) Y = and, since Tz is closed in Y', it is closed in Y too. Finally Z C Tz since 
this is already true in Y'. In conclusion the set of bounds B = {(ei, . . . , £n-i); < 
£1 < (£2, . . . , £ n -i) £ -B"(£i)} has the required property. 
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Now we prove by induction on p that there exists a set of bounds B p such that the 
conclusion of (iii) holds for any i\ < • • • < i p < n. For p = 1 this is a consequence of 
the curve selection lemma: by contradiction, if the closure of {y G ; dfi 1 (y) = 0} 
intersects Y\, then there exists a real analytic curve 7 :] — 1,1[— » Y such that 
j(t) € Y \ Yi for t ^ and 7(0) G Yi- But this implies df n (7(i)) = so that 
fii(l(t)) i s constant, which is impossible. Hence there exists e° > such that 
< f n (y) < e? implies ^ (y) / 0. We take B x = ]7J0, e?[. 

Assuming (iii) holds for p, we consider, for e G B p and ii < • ■ ■ < i p , the 
smooth subvariety of Y, Y' = {y G Y; — Ei n I — l,...,p). For i p+ i > 

i p , the function /j p+1 is not constant on Y' and the proof of the first step gives 
e ii,...,i p ( £ ii ! ■ ■ • > £ i P ) > Sucn tnat tne conclusion holds for (g^ , . . . , £j p+1 ) with 
£i p+1 < e?!,...^^.- - •,£*„)• We set = F p and, for k = p + 1, . . . , n, = {e G 
F p _1 ; Vii < • • • < i p < k, e k < £i I) ... )ij) (£i 1 , • ■ •,£*,)}• Then F p+i = is a set of 
bounds with the required property for step p + 1 and we take F = F n _i. 

Now, for £ G F and y G Y, we let ii < • • • < i g be the indices such that 
/ii (y) = £ij • Since df,^ A ... A d/ ig (y) ^ the functions x t = f it - s iu I = 1,. . . ,q, 
may be extended to a coordinates system around y and in any such system the 
description of the partition is the one given in the lemma. □ 

Lemma 3.15. Let Y = |_| i=1 n Yi, fi, be as in assumvtions \3. l\ and notations W.yi 

Let Fi, . . . , F m G Dr_ c (F) (i.e. Fj is constructible for some stratification of Y , 
not a priori (Yi)i e i). Then there exists a set of bounds B c]0, +oo[ n ~ 1 such that 
Ve G B, setting for short Ti = Ti(e), we have isomorphisms Vi = l,...,n, Vj = 
l,...,m: 

H Yi (Y; Fj) ^ H Ti (Y; Fj), H(Y; (F 3 ) Ti ) ^ H(Y; 

Proof. We prove by induction on k that there exists a set of bounds B c]0, +00 [ fe 
such that the first isomorphism holds for any j and for i = 1, . . . , k. For k = 1, this 
is a consequence of lemma 12.51 

Let us assume the result is true for k, and apply it to Fj and Fj = RTy k+1 Fj, 
j = 1, . . . , to. Let B c]0, +oo[ k be the set of bounds obtained and (ei, . . . , G 
B, Ti, i — 1, . . . , k as in the lemma. Let us set T = Ti U . . . U T/. and U = 
Y\T. By lemma l2~5*l again, applied to / = fk+i and the complexes RTu(Fj), 
there exists > such that V0 < Sk+i < £®+i we have, setting Tk+i = 

4- + \([0, £w ])n% n U, Hy k+1 {U;F 3 ) ^ H Tk+1 (U;F 3 ). Since T k+1 C U, we 
have Hx k+1 (U; Fj) ~ HT k+1 (Y; Fj) and we have to prove that Hy k+1 (U; Fj) ~ 
Hy k+1 (Y;Fj). Using an excision exact sequence, we are reduced to proving the 
vanishing of Aj = Hy k+1 nT{Y; Fj). Now Aj ~ Ht(Y; Fj) and, for i < k, we have 

F y , (Y; Fj) ^> H Ti (Y; Fj) and F y (Y; Fj) ~ Fy in v fc+1 (Y; Fj) = 0. 

Let us set T[ = T±\J. . .UTj; we have distinguished triangles iilV;^ (•) — > (•) — > 
fiTT 4 (')-^*- We deduce by induction on z < fc that H T <(Y; Fj) = 0. For i = k we 
obtain Aj = as desired and this concludes the proof of the first isomorphism. 

The proof of the second isomorphism is the same, again using lemma 12.51 (we 
just note that we apply the induction hypothesis to Fj and Fj' = (Fj)y k+1 , and 
lemma 1531 to (F,-)t/-) □ 
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We still consider Y satisfying assumptions 13.11 and we keep notations 13.91 We 
consider moreover local systems L l defined on neighbourhoods of Y%. The sheaves 
L Y . are well-defined and, for e G]0, +oo[™ -1 small enough, the ^ are also well- 
defined. 

Lemma 3.16. Let Y = |_| i=1 n Yi, L l , be as above. Let U C Y be an analytic 
open subset, U' a neighbourhood of U and /:{/'—> R an analytic function with 1 
as regular value. We assume that the smooth hypersurface S — {y G U; f(y) = 1} 
meets the strata U n Yi transver sally. Let L be a sheaf on Y which is a local system 
in a neighbourhood of S. We set U+ = {y: f(y) > 1}. Then there exists a set 
of bounds B c]0, +oo[™ _1 such that Ve G B, setting T[ — U (~l Ti(e), we have an 
isomorphism RTLom(Ls, L t ,\jj) ~ (L* (£) L l \u)snT' [~ 1] an d ^ e morphisms 

RHom(L s ,L^ n[/+ ) -» RHom(L<j,L^,) -> RHom(L s , Lf,) 
are isomorphisms. 

Proof. We have RTLom(Ls,Cu) — L* s [— 1] because 5 is a smooth, relatively ori- 
ented, hypersurface. The micro-support of L$ is SS(Ls) = TgU and we also 
have the bound SS(L Y . ) C |Jj T Y U. By the transversality hypothesis, we have 
SS(C S ) n SS(L Y ) C T^L. Hence, by lemma we have isomorphisms 

RHom{L s ,L Yi \u) ^ RHam{Ls,Cu) ® L Yi \ v ~ (L* ® LVW, [-1]. 
For £j small enough, dT[ also is transversal to S and, since SS(L l T ,) is the outer 
conormal of dT[ in [/, we obtain similarly RHom(Ls, L l T , \ v ) ~ (L*<g)L l |[/)5 nT '[— 1]. 

Hence, to show the last isomorphism, it is sufficient to find a set of bounds such 
that the morphisms H{S; (L* ® i i |[/)snT.') — * H(S; (L* (g> L*|t;)snYi) are isomor- 
phisms. But this follows from lemma l3~. 1 51 applied to the stratification S — |J i SnYi. 

Let us prove that the remaining morphism also is an isomorphism. Let us set 
U- = f-\] - oo, 1[). We have RHom{C u _ , C v ) ^ C v _ and SS{C V _) is the inner 
conormal to E7_. We deduce as above R?iom(Cu_ , L T ,) ~ ^ l T , n jf an d : 

RHam,{L s ,L^ ;riU _) ~ Rnom(Ls,RHom(Cu_,Li r ,)) ~ RHom{L Sr , u _,L i T ,) = 0. 

Using the distinguished triangle L l T , nU+ — > Ly, — > L l T , n — we conclude that 

RHom(Ls, L l T , nU+ ) ~ RHom(L,g, L^,) as desired. □ 

Proposition 3.17. Let F = |_| i=1 &e as in lemma V!j.l(>\ For e G 

]0, +oo[™ -1 and o union of strata Z CY, we set: 

r,=T i (e), T z = T z (e), /or i < j: I*, = (^n^) \ (U^^)- 

There exists a set of bounds B c]0, +oo[ n_1 smc/i £/iai Ve G fl: 

('jj /or any i < /, t/ie morphism ctij : (L J * eg) L 3 )j^ [—1] — * RHom(Lp. , L^,. ) is an 
isomorp/iism, 

/or any i,/ ; i/ie natural morphisms 

RHom(L^ ,L J T .) ^ RHom(L^ , L(, ) RHom(L^ i , L(, ) 

are isomorphisms, 

(Hi) for any i,j,p with i,j>p, we have an isomorphism 

RT(Y; (RHom{L l Tt , L j Tj )) Ty J ~ i?r(F; (RHom(L Y . , L^.))^ p ). 
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Proof, (i) and (ii). By lemma 13.151 we know that the bij are isomorphisms for e 
in a suitable set of bounds. We prove by induction on k that there exists a set of 
bounds B c]0, +oo[™~ 1 such that, for i = 1, . . . , A; and j = 1, . . . ,n, the morphisms 
Ay and ctij also are isomorphisms. For k = 1, we set for short K 3 = L 1 * ® and 
we note that 

RHom(L^ , L^. ) ~ RT Tl (Y; K 3 Yj ), RHom(L^ , L\ x ) ~ flT(Y; i^J, 

RHom(Ly i , L^) ~ i?r(Y; i^y-J, RHom(ij nt( - Ti ) , I^-. ) ~ M^Int^); K 3 Yj ). 

Hence by lemma l^~5l we may choose e\ such that VO < E\ < E®, an is an isomor- 
phism and 

(16) RHom(Lj nt ( Ti ) , L 3 Y _ ) ~ RT( )'\ : K Y }. 

Let us prove that we may also find a set of bounds B' c]0, +oo[™ -2 such that 
for (ei, . . . , e n _i) £ {ei} x B' the a\j are isomorphisms. For j > 2, we have 
RT(Yi; K Y _ ) = because Y\V\Yj = 0. Hence the identity (|To)) and the distinguished 
triangle £j nt ( Tl ) — * £ Tl — > L aTi ^-U imply RHom(Ly 1 , L^. ) ~ RHom(L aTi , L 3 Y ). 
We may also assume since the beginning that e° is small enough so that &T\ is 
smooth. Then lemma 13.161 applied with S = dT\ , yields a set of bounds B' C 
]0, +oo[ n_2 such that V(e2, . . . , £«.-i) G B', we have isomorphisms: 

RHom(Lg Tl , 4.) ~ K 3 Ti . [-1] , RHom(Lg Ti , lP Tf ) ~ RHom(Lg Tl , L J y . ). 

(With the notations of lemma I5~TB1 we have Tj = Tj n U+ and = 5 n Tj.) Now 
we just have to note that RHom(Ll nt ^ Ti y L 3 T .) = 0, because Tj n Int(Ti) = 0, and 
use the same distinguished triangle as above to conclude. 

Now let us assume the conclusion is true for k. Let B be the set of bounds 
given in the statement and (ef, . . . e B. Let us set T — T\ U . . . U T/., 

U = Y \ T. Arguing as in the case k = 1 on the open subset U, we find a set of 
bounds B' C]0, +oo[ n - k - 1 such that V(ei, . . . , £ n _i) £ B n ({(e?, . . . , e£)} x B') we 
have, with the "new" Tj (but the lj for i < k stay the same): 

RHom{L k T +l \u, L^u) ~ ® L^ n+lj , [-1] for j > * + 1, 

RHom(4+ + 1 i \ Ut L 3 T . \u) ^ RHom(4+ + 1 i \ V ,L Y . \ v ) for j > k + 1, 

where T^ +1J = U n dT fe+1 n (2> \ U</<i^)- Since Tfe +! c C/ ' we have in fact 
RHom(L^ L i |[/,L^. \ v ) = RHom(L^' + 1 i , I? T , ) and the same with Yj instead of T r 
Hence a,k+i,j is an isomorphism, for j > Since we have chosen (ex, ... , £ n -i) £ 

B, aij is an isomorphism for i < k and any j. It just remains to check the case 
i = k + 1 and j < k. But Tfc+i is contained in the open set U which does not meet 
Tj and Yj. Hence RHom(Ly+ 1 i , L 3 T ) = RHom(L* +1 , L 3 Y ) = and the assertion is 
trivially true. 

Now let us consider atk+ij. Let u : U — > Y be the embedding. Since 7fc + i £ U, 
we have: 

RHom^+^L^.) ~ i^iWoTO^+^J^^I^) ~ R u *(L k+1 * ® L j ) n+i ^[-1]. 

We may assume moreover, up to shrinking £?, that the conclusions of lemma I!}. 141 
hold. Hence we have local coordinates (xi) such that U — {xi > 0; i = 1, . . . , to} and 
C = Ifc+ij is a convex locally closed subset of U. It follows that Ru*Cc — Cd 
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for some locally closed subset D C Y. More precisely, if C is closed in U, we 
check that (Ru*Cc)x = C if x £ C Y and is else. Hence D — C Y . If we 
write C = C u \ Gi, with C\ closed in U, we obtain, by the distinguished triangle 
C c -> C w -> C Cl ±i+, that D = C Y \C[ Y . When applied to T' k+lj = dT k+1 n 

(5j \U<i<j 5T) = {Tk+i nTj)\ QJi<i<j Tl), this formula for D gives the expression 
of the proposition. 

(hi) We hrst consider p < i < j, fixed. We set F = RHom(L Y , L Y .) and 
G = RHom(L l T . , L 3 T ) . By lemma 15 . 1 51 applied to F, there exists a set of bounds, 
B , such that, V(e) G -Bo, we have i?r(Y";Fr p ) — Fr(F; Fy p ). Let us also consider 
the Verdier dual DF = RHom(F, Cy [dy]) (where dy is the real dimension of Y). 
In the proof of lemma 15. 151 at the p th step, when (ei, . . . ,e p _i) are fixed, we can 
choose £ p so as to have moreover FL(Int(F p ); DF) ~ RT(T V n ij,; DF) (for this we 
apply lemma IO to DF restricted toY\ \J k<p T k ). We also set S p = T p \ Int(T p ). 
Let us prove that 

(17) Rr(Y;F Yp )~Rr(S;;F Sp ). 

We note that RTy p (F) ~ RHom(L YnY ,L Y ) = 0. Since F is constructible we 
get (DF) Yp ~ D{RTy p (F)) = 0, so that Fr(Int(F p ); L>F) ~ RT{T p C\Y p : DF) = 
0. By Poincare- Verdier duality, this gives the vanishing of the cohomology with 
compact supports, FT c (Int(F p ); F) = 0. Since T p is compact, this is equivalent 
to RT(Y; F Int ( Tp )) = 0. By the distinguished triangle F Int (T„) ~ > ^t p — » Fs^^-*-, 
we deduce Fr(V;F Tp ) ~ Fr(y ; F Sp ). This yields (JHJ because RT(Y;F Tp ) ~ 
i?r(V; Fy p ) and RT(Y: F Sp ) ~ F£(^s P ). _ 

On the other hand, suppG C T; fl Tj and, for k > p we have T k P\T p c S'p, so 
that FT(V;G Tp ) ^ Fr(S^;G Sp ). Together with JTJJ, this shows that (iii) for our 
p,i,j, is equivalent to 

(18) FL(^;F Sp )~Fr(^;G Sp ). 

We let S p be the smallest set of subsets of S p stable by taking intersections and 
complements and containing the S p P\T k , for k < p. This set S p is finite and we 
denote by S Pym in the set of its minimal elements (for the inclusion relation); then 
any element of S p is a union of elements of S p . m i n - By lemma 13.141 (iii), up to 
shrinking the set of bounds Bo, any S G S Pt mi n is a locally closed submanifold of 
Y, transversal to every stratum Yi that it meets. Let us first prove: 

(19) VS G S p<min , RT(S; F) ~ RT(S; G). 

By part (i) of the proposition, we have G\s ~ (£** <S> L' 7 )x i ,ns[ — 1]- Let us stratify 
S by S — Ujfc>p H ifc) and define Ff , F^, similarly as F fc , F fe; , with the functions 
fm\s- We have T k =T k Pi S. Hence (i) applied to S gives 

RHom(U T? ,V Tf ) ~ (F* ® L?) T s [— 1] ~ (F* <g> | s [-l] ~ G\ s . 

Now, part (ii) of the proposition applied to S gives, up to shrinking Bq again: 
RT{S;G) ~ RHom(L^ s ,L J TS ) ~ RHom(LV. nS , L 3 Y . nS ) ~ M^F), 

where the last isomorphism follows from the transversality of S and Yi, Yj. This 
is 1(15)1. We will deduce: 

(20) VV G S p , V closed in Fr(F; F) ~ M^V; G). 
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Since F is constructiblc with respect to the stratification |J Yi and any S £ 5p,mm 
is transversal to every stratum Yi, we have the isomorphisms, VS* € S p . m in, us ■ 
BT(S;F) ^> RT(S;F). 

Recall that G ~ (L l * ® L J ') Tij [-1]. For any 5 e S p , min , the inclusion (2y nS)c 
Tij n 5 is an equivalence of homotopy (by lemma 15.141 (iii)), so that we also have 
an isomorphism v s : RT(S; G) ^ RT(S; G). 

Now let us prove Let us write V = ViU. . .\JV r , with Vj G «S P ,mm, and argue 
by induction on r. For r = 1, our assertion is 1(19(1 . We may assume that V r is of 
maximal dimension (among the Vi), so that V' = V \V r is closed and the induction 
hypothesis applies to V . We have V r = V or V" = V r (~l V is a closed union of less 
than r subsets Vi and the induction hypothesis also applies to V" . By 119(1 and 
the isomorphisms uy r , vy r , we have i?r(V^;F) ~ RT(V r ; G). We conclude by the 
Mayer- Vietoris distinguished triangle 

RT(V; F) -» i?r(VT; F) © iiT(V ; F) -> i?r(F"; F)^, 

and the similar one for G. 

Now we can prove 1(18(1 (and thus (iii) for our i,j,p). We have an excision 
distinguished triangle, 

RT(S;; F Sp ) - i?r(SV; F) -> i?r(Sp \ S p ; F)±±, 

and a similar one for G. The last two terms of these distinguished triangles are 
isomorphic because of ((20(1 applied to V = S p and V = S p \ S p . Hence the first 
terms are also isomorphic, as desired. 

For % = j, the same proof works, replacing the isomorphism G ~ (L l * ®IJ)tu [— 1] 
by G ~ (£** ®L l )jr\ we still have BHam(L % T s, L % T s) ~ G\ s and (TiHS) cT.nS is 
an equivalence of homotopy. For j < i, we have F = RH.om(LY., Ly.) — because 
Yi is open in Yi and Yj C (Yi\Yi). In the same way G = and (iii) is trivial. 

We let Bi t j tP be the subset of Bo formed by the e such that (iii) holds for p, j, j. 
This is a set of bounds and the intersection of all Bij p , for i,j > p, gives us the 
desired set of bounds. 

□ 



Proof of vrovosition \S.ll\ Let us set, for i = 1, . . . ,n, k = 1, 2, L fel = £ fc if Yj C Zfc 
and L fcl = else. We set L % = L 1% © L 2t ; this is a local system defined in a 
neighbourhood of Yi. We first choose a set of bounds B such that the conclusions 
of lemma 15. 141 and proposition 13 . 1 71 hold. 

(i) Let us prove 1(13(1 . We begin with the case where Z\ = Y^ is a single stratum. 
Let Z' C Z2 be a closed subset of Z2 (which is a union of strata). Set W = Z2 \ Z'. 
We have Tz 2 = Tz> U 2V and Tz' is closed in Tz 2 ■ This gives a morphism of dis- 

c % >■ Ct z 2 *~ c t z , +1 > 

tinguished triangles: { I { ■ Tcnsoring this diagram 

Cw >■ ^z 2 >■ O z i >- 

by C 2 and applying the functor RHom(Ly. , •), where Yi is any stratum of Y, we 
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obtain the morphism of distinguished triangles: 

RHom(L^. , C 2 Tw ) s> RHom(L^ , C? T ^ ) *- RHom(L^ , ) — ±i>. 

RRomiL^., Cw) >■ RHom(L^,£|J >- RHom(X^., C%,) — . 

It follows that the morphism fa in this diagram is an isomorphism, for any i — 
1, . . . , n. Indeed this is true if Zi consists of one stratum, say Yj , by proposition ^. 171 
we have here V = L lj © L 2j , and /$ is the L 2j -component of isomorphism of 
this proposition. Then the above diagram allows an induction on the number of 
strata of Z%. 

The same reasoning, on the first argument of RHom(-, •), gives the similar iso- 
morphism with Lj,. replaced by L\ z . The same proof, using the isomorphisms fry 
of proposition I3~T71 yields the second isomorphism of (JT3J. 

(ii) We prove (|14|l first in the case where Z\ = Yi and Z 2 = Yj. Let us set 
F = RHom{C\r.,C^.), G = RHom{C\,., C 2 -,.) and Z' = Z n Y n Yj. We see that 
Fz = Fz> and Gt z = Gt z , , hence we may assume that Z consists of strata Y p with 
p < i,j (recall that Z\, Zi C Y \ Z, so that p ^ i, p ^ j). 

Let us argue by induction on the number of strata of Z. By proposition 13 . 1 71 
(|14fl is true when Z = Y p with p < i, j. Let us choose 3^, C Z such that it is open 
in Z . We have an excision distinguished triangle RT(Y; Fy ) — > i?r(Y; Fz) — > 
i?r(y;F^\y ) — ►, and a similar one with Gt z - By induction i?r(Y;_Fz\Y ) — 
RT(Y\Gt z * y ), and by the first step RT(Y:F Yp ) ~ Rr(Y;G Tp )- Hence we obtain 
i?r(F; F z ) ~RT{Y; G Tz ) as desired. 

Going from a single stratum to arbitrary locally closed sets Z\, Z2, is the same 
as in the proof of l|13fl • 

(iii) Let us first assume that Z\ consists of a single stratum. Since the statement 
is local on Y, we may take coordinates as in lemma 13.141 and assume C 1 = C 2 = 
C R d. We set Ci = {x\ > 0, . . . , xi-i > 0, xi < 0} and assume that Z\ = d. We 
set U — {xi > 0, . . . , Xi-x > 0} and let u : U — » R d be the inclusion. Since Z 2 is 
locally closed and Z\ C Z2, there exists I > i such that U D Tz 2 = Ci U . . . U C/. 
Since C, C U, we have: 

i?Hom(C Cl ,C Tz2 ) ~ ito,itftom(C Ci ,C Tz >) i?u*(C Ci \ Cii ), 

where Ga = Gi+\ U . . . U Q. Now i?u*(Cc , .\ ( 7. i ) ~ Cp:^ is concentrated in 
degree 0. 

We deduce the result for an arbitrary locally closed subset Z\ C Z% using an 
excision distinguished triangle. 

(iv) We first note that we may assume V = Y. Indeed, by lemma 13 . 1 51 applied 
to the complex G = RHom(C 1 Zi , C% 2 ), we may choose a set of bounds such that 
RHom(£^ \v,C?z W) — RHom(£^ \t v ,£% \t v )- Hence, if (fTSfl is true for global 
sections, applying it to Y = TV, with the induced stratification and local systems, 
gives the result for any open V. 

Let us set F = Hom(C}p z , L\ z ), U = Y\(Zi\Zi) and show that we may replace 
Y by T v . Since T Zl C T v , we have F ~ T Tu (F). But F\ Tu ~ (C 1 * ®C 2 ) TzinZo and 
locally around any point of Ty, the inclusions Tz 1 nz 2 C Ty C Y are homeomorphic 
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to inclusions of convex subsets of R d . Hence Tt v (F) ~ RTt v (F) and RT(Y; F) ~ 
RT(Tu;F). We also have G ~ RTu(G), hence RHom(£^,£| 2 ) ~ RT(U;G). By 
lemma IB . 1 51 applied to G, we have, up to shrinking the set of bounds, RT(U; G) ~ 
RT{Tu; G) ~ RHom^^ \t u > £% 2 \tu )- Hence we may replace Y by TJy and assume 
Zi is closed. 

By assertion (hi) proved above, we have, setting F' = KHom{C\ z ^, £t Z2 )> 
F' Tz ^ ~ Ft Z2 ■ Since Z\ is closed we also have an exact sequence — > IY Zl £r Z2 — > 
C? Tz , so that F x = for x T Z2 , and F Tzo ~ F. Hence i?r(Y"; F) ~ RT(Y; F' Tz ) 
and, setting W = Z 2 \ Z 2 (which is closed), we have the distinguished triangles: 
RT{Y-F^ v ) - i?r(F; F') - flr(F;F)±i*, 
RHom(£l ,Ct ) F 1 ^ RHomlCl , ,C 2 T 

By JT3J, i2T(F;F') ~ RHom(£^ i , £| 2 ) , thus the hrst triangle implies that JTSJl is 
equivalent to the vanishing of RT(Y; F^, ) . Using the second triangle, this vanishing 
follows from the two sequences of isomorphisms below: 

(21) RT(Y-RHom{C l Tz ^ w ,Cl z J Tw ) ~ RHom^^,^) 

(22) ~RHom(^ irw ,£! 2 ) 

(23) ~ RHom(^ inW ,i?r Z2 (£| 2 )) = 0, 



RT(Y; RHom(Clp s ,/£ ) Tw ) 

- iir(y;iiH m(£i in(nw)) £| 2 ) w ) - 0. 

Let us explain these isomorphisms: (1211) is true because the application of the 
functor (-)tw does not change anything (since the support of the complex of 
sheaves is included in 2V), (|22J) follows from (|13|) . (|23|1 comes from the hypothesis 
Rfi*(£ 2 \z 2 ) = fi\(£ 2 \z 2 ) and the vanishing follows from [Z\ l~l W) (1 Z 2 = (3. 

The hrst isomorphism in l|24[l follows from i|14|l . The smoothness hypothesis 
gives RHom(£ 1 Zin ( Y \ w - ) , C% 2 ) ~ Rv^C 1 * ® C 2 )\z 1 c\z 2 )- Since is defined on Zi, 
which is closed, we also have i?i/*((£ 1 * ® C 2 )\z 1 nz 2 ) — ® £ 2 )\z 1 nz 2 ); this 

implies the desired vanishing and concludes the proof of (|15H . □ 

3.2. Direct image to I. We consider a stratified analytic manifold Y — Yi 
endowed with normal crossings divisors {D v ) v ^y and sheaves (L a ) a£ A, satisfying 
assumptions 13.11 As in notations 13.121 we fix e in a set of bounds such that the 
conclusions of proposition ^ . 1 ll hold for any pair (a, (3) 6 A 2 . We keep the notations 
Ti, for is/, and T Q , L' Q , for a E A. We will give an equivalence between D(Y){L' a ) 
and a derived category of dg-modules on I following the construction of |13| . 

Definition 3.18. We define a sheaf of dg-algebras on Y, il, by 

^ = ®(ajj)eA 2 ^a/3, where, for a, j3 G A, il a p = f2y ® TLom(L' a , L'p). 

The product to q , / 3 7 : f2^ 7 (ED O^g — * 57 Q7 , for a,/?, 7 S A, is induced by the product 
of forms and the composition in the endomorphisms sheaves. 

Considering the partition Y = \_\ ie jTi, we define 4>' : Y — > I (like : Y = 
|_| ie .r>W/) by </>' (!*)={*}. We set : 
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These are sheaves of differential graded C-vector spaces on /, and B is a sheaf 
of dg-algebras. We also define a direct image functor 7 : D + (Y) — > Dg. For 
F G D + (y), we choose an injective resolution of F, say F — > Rf {Rf and the 
morphism F —> Rp depending functorially on F), and we set: 

j{F) = (/>'*{®c,eA My ® Hom(L' a ,R F )). 

We note that 7(F) has a natural structure of Z?-dg-module, defined by multipli- 
cation of forms and composition of homomorphisms sheaves, like the multiplicative 
structure of B. 

We also have the following description of the cohomology of the sections of B. 
Since £ly is a soft resolution of Cy, fl a p is a soft resolution of 7iom(L' a , L'g). Let 

U C I be an open subset, V = (j) -\U), V = 0' -1 (f7) = T v , and let a, fie A. By 
(iii) and (iv) of proposition 13. f fl we obtain: 

(25) ffV*(fl«/»)(E0) - Vxt*((L' a )\ v ,, (L' p )\ vl ) ~ Ext* ((L a )| v , OMk)- 

Proposition 3.19. VFziA i/ie above notations, we set M a = j(L' a ), for a G A. The 
functor 7 induces an equivalence of categories between D(Y){L' a ) and Db(Mq). 

Proof. Since our categories are respectively generated by the L' a and the M a , it is 
sufficient to prove that 7 gives isomorphisms, Va,/3 G A, Vp G Z: 

(26) HbmD(y)(£' a , - Hom DB (M Q) M^[p]). 

Indeed an inductive argument as in the proof of corollary (|3.13|) (but easier because, 
here, the functor giving the equivalence is a priori defined) implies that 7 also gives 
a bijection between Hom D (y) (Li, L2) and HoniD B (7(^1), 7(^2)) for any objects 
Li, L 2 of D(Y){L' a ). Let us prove @. We set L' = ©ae^L and M = j(L') = 
(B a eAMa- Then l(2"fi|) is equivalent to: 

(27) Vp G Z Hom D(y) (£',£>]) ~ Hom Dfi (M, M [p]). 

For a G A, let L' Q — > _R Q be the chosen injective resolution of L' a . It induces 
a morphism of differential graded sheaves, J"' 3 , from B a/3 = ^(flap) to Z?'"' 3 = 
^(Qy (g) Hom(L' a , R@)). Since i?,3 is injective we have the isomorphisms below in 
D(F), which give the cohomology of sections of B' al3 , for an open set U C I, and 
y'^'-^t/): 

Oy © Ttom(L' a , Rp) ~ Hom(L' a , Rp) ~ RHom(L' a , Rp), 

H\B' a(3 {U)) = H(V; il Y ® Hom(L' a ,Rp)) ~ Ext l ((L' Q )|y, (^)|y)- 

By Ij25(l this means that J"' 3 is a quasi-isomorphism of differential graded sheaves. 
Summing over all pairs (a,/3), we obtain a quasi-isomorphism of modules between 
23 and 7(©/3 6j 4^) = M. Hence we obtain: 

(28) Hom Ds (Af, M[p]) ~ Hom Ds (B, B[p]). 

We have seen that Vi G /, is /^-projective. By (i) of assumptions 13.11 any 
intersection of open sets of the type Ui still is of this kind, hence . . . ,i n G /, 
S[/« 1 n...n(7i„ is -^-projective. Let us put any total order on /; we obtain a K- 
projective resolution of B by taking the total complex of the following Cech-like 
complex of complexes: 

■ • • — > ®i-L<i 2 <i 3 &iBu H nu i2 nu i3 — * ®i 1 <i 2 eiJ3u il nu i2 — * (Bi 1 eiBu il 0, 
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with the usual differential Ulu),. , = Ei 1 <...<i fc <j<i J , +1 <...<i r (- 1 ) fcffl <i,-,3 , .-.v- 

For an open set U C /, we have RHom(B[/,B) ~ RT(U;B) and, for U — Ui, the 
functor r(t/jj •) = (-)i is exact. Hence: 

HoniD B {But , B[p]) -ff p (RHom(^,B)) ~ HP(RT(U t ;B)) ~ H p {T(Ui\ B)). 

By definition T^; 23) = rO'" 1 ([/,); Q) and we obtain that Hom De (M, M[p]) is the 
p th cohomology group of the total complex of the double complex: 

This is a Cech resolution of the complex Q, which is formed by soft sheaves. 
Hence HomD B (£>, B[p\) ~ -ff p (F;£l), and, by l|25|l . this last group is isomorphic 
to Ext p (i', L'). In view of this gives l(S7| and concludes the proof. □ 

3.3. Gysin isomorphism and product. In the previous paragraph, we have 
obtained a sheaf of dg-algebras, B, on I such that D(Y)(L a ) is equivalent to a 
subcategory of Dg. In sectional we will construct a sequence of quasi-isomorphisms 
between B and its cohomology. For this we will in particular replace sets like 
Uiap — {x G </)' _1 (L7 i ); Hom(L' a , L'g) x ^ 0} by homotopy equivalent ones. But 
before that, we note that Bi is not immediately quasi- isomorphic to sections of 
Slu ia i3 ®Hom(L' a , L'g). Indeed Ui a p is not closed in The cohomology of Bi 

is Ext" (Z.^|^#-i( I 7 4 ) ) i^|^/-i( I 7 4 )) = Ext (Lalt-i^u.), Lp^-ip.)), but the cohomology 
of Slu iaf) ® Hom(L' a , Up) is Ext(L' a \ Uia(l) L' \ Uial3 ) = Ext'(L a \ Yi , LpWi)- In our 
situation they are isomorphic under a "twisted" Gysin isomorphism. We build 
this isomorphism at the level of the de Rham algebras and describe the algebra 
structure. Then we use this description to obtain a quasi-isomorphism between B 
and the sheaf A defined in 13. 51 

3.3.1. Gysin isomorphism. Let us first consider the usual Gysin isomorphism. If 
M is an oriented manifold and N a closed oriented submanifold of codimension c, 
we have an isomorphism RT^(Cm) — Cn[— c]. On the global sections it induces 
H-(N;C N ) ~ H'+ C (M;C M )- Let us choose, by lemma ET51 two open tubular 
neighbourhoods U, V of N, such that U C V and 

H(V;C V ) ^H-(U;Cu) ^H-(N;C N ), H N (M ; C M ) ^ H W (M ; C M ). 

If we assume moreover that the boundary of U is smooth, we have RTjjCm — C{/, 
so that H N (M;C M ) ^ H(M;Cu). Let S(N,M) € H C N (M;C M ) be the funda- 
mental class of N in M. We may choose a representative £(N,M) S r(M ; O^) 
such that supp£(iV, M) c E7. Then, the multiplication by £(N,M) induces a 
well-defined quasi-isomorphism of r(JV; Oat )-dg- modules between T(V;Qy) and 
r(M; (Qm)u)[c\- More generally, given local systems L\ on M, and L 2 on V, 
we obtain isomorphisms between extension groups and a corresponding quasi- 
isomorphism between de Rham complexes: 

(29) -S(N,M) :Extb W (i 2 |jv,£i|jv) ^ Ext D + c M) ((£ 2 )v, ^i), 

(30) Ext DW (£ 2 ,i x | F ) -=±> Ext D + ( c M) ((L 2 )Tj,^i), 
•£(JV,M) : r(F;fiy®Hom(L 2 ,L 1 | v )) 

(31) -^r(M ; n M ®Wom((i 2 ) F ,i 1 ))[ c ]. 

We will use (|3*T|) to build a second sheaf of dg-algebras on /, quasi-isomorphic 
to B. For this we also need to describe the product structure: the composition 
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TLom(L2, L\) ® TLom{Li, L2) — > 'Hom{Ls, L\) induces a product on the right hand 
side of the above isomorphisms and we want to understand the corresponding prod- 
uct on the left hand side. 

3.3.2. Algebra structure. This paragraph mainly has an heuristic purpose, in order 
to justify the definition of the product m of the sheaf of dg-algebras A introduced 
in 13.51 above. We consider a complex manifold Y, endowed with normal crossings 
divisors D v , v G V, and sheaves L a , ct 6 A, satisfying assumptions 13.11 We keep 
the notations of 13. II in particular for Z A , A G S, Z a = Z Aa \UugA' ^v, for a G A. 
We set also: 

z a p — z a n Zp, z a p 1 = z a n Zp n z 7 . 

We fix a, j3, 7 G A and, up to restricting ourselves to an open subset of Y, we 
assume that Z a , Z p , Z 7 are closed. 

For v G V, D v has a fundamental class S v G -fff, (Y;Cy)- For A G S the 

2|A| 

fundamental class of Z A in Y~ is S A = l\ veA S v . It belongs to H Z ^(Y;C Y ). For 
A' C A, we have Z A C Z A i and is the transversal intersection of Z A i and Z A \ A i ■ 
Hence the fundamental class 5(Za,^A') G H"^ a {Z A i\Cz ai ), with d = |A| - |A'|, 
is the image of 5a\A' S -ff§ A a , O^j Cy) in A (Za< ; C^ A , )• By abuse of notations 
we will write 5 A \ A i f° r 8(Z A , Z a >). 

We define e aj a = <5(Z a ^, Z^). We have: 

£ a p = S Aa \A„ € Hz"/( z 0'' c Zu), with rf a /3 — |A Q \ A^|. 

We remark that Ext' D ( Y )(L a, Lp) ~ Ext D (y)((L Q )z Q|3 , Lp), so that, by (|29|l . multi- 
plication by e a /3 gives an isomorphism: 

(32) -e a p : ^t^ Za ^(L a \z a0 , Lp\ Za0 ) Ext^ 2 ^ (L Q , Lp). 

From now on we forget the subscripts E>(Z.) if there is no ambiguity. We want to 
understand the product of two extension classes in Ext'(L Q , Lg) and Ext'(L / 3,L 7 ) 
in terms of the corresponding classes on the left hand side of the above formula (see 
diagram 1)37(1 below). Let us introduce some notations: 

(33) Ai = Ap \ (A Q U A 7 ), d\ = |Ai|, e a 0j = 8{Z a ,p- i ,Z ol r y ) = 8 Al , 

(34) A 2 = (A tt nA 7 )\A (S , d 2 = |A 2 |, e+ 0J = 5 A2 . 

We first restrict the classes in Ext' (L a \ Za/3 , Lp\z a0 ) and Ext' (Lp\ Zf)y , L 7 \ Zl3 ^) to 
Z a p^ and make the product, obtaining a morphism: 

r : Ext 1 (L a \ Za/3 , Lp\ Za/3 ) ® Ext J (Lp \ z M , £ 7 \ z M ) — > Ext l+j (L a \ ZaM , L 1 \ Za ^). 

Now i a and L 7 both restrict to local systems on Z ai (and Z a p 7 ), so that we 
may identify Ext' (L a \ Zai , L 7 \z ) with H'(Z ai ] L* a ®L 7 ) (and the same on Zap^). 
Hence multiplication by £ Q/ 3 7 gives a morphism: 

•e Q/ 3 7 : Ext' (L a \ Zatjj , L 7 \ Za0y ) -> Ext' +2dl (L Q |z Q7 , L 7 |z Q7 ). 

The "correcting term" £^g 7 is introduced to have the identity 1)35(1 below (in 
H z (Y;Cy))- Multiplication by e\p 1 gives morphism (136(1 . 

(35) 

(36) •£+ : Exf(L Q |z QT ,i7U QT ) ^Ext-+ 2d2 (L Q | ZQT ,L 7 | ZQT ). 
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Because of iJBHJ, the composition of Ij36|l with e a f3j ° r gives the commutative 
diagram 

Ext 4 {L a \z afi ,Lp\ Zaf ,)® Ext J (L \ z ^,L 7 \ Zl3y ) Ext k (L a \ Zaj , L 7 1 z a , ) 

(37) £o,3<8e,3-, i i 

Ext^"^, L p ) <8> Ex^^ L 7 ) ^ Ext{j (y) (L Q , L 7 ) , 

where k = i+ j + 2(d a + <2 2 ), I = i+j + 2(d af3 + dp 7 ), p = (-£+/3 7 ) ° (-£0/37) ° r 
and the bottom arrow is the composition of extension classes. This diagram gives 
us the composition of extension classes, through isomorphism (|29|) . The definition 
of the product of A in 13.51 is copied from the definition of p above. 

3.4. Proof of proposition 13.71 Recall that quasi-isomorphic sheaves of dg-alge- 
bras have equivalent derived categories (see ^Sjj proposition 1.11.2). Hence, by 
corollary 13. 131 and proposition 13. 191 the proof of proposition 13 . 71 will be achieved if 
we show that B and A are quasi-isomorphic. 

We still consider Y = \_\ ieI Yi, (D v ) ve v, (L a )aeA satisfying assumptions 13.11 
We keep the notation L a ^ for the local system on <f)~ l (Ui) extending £ q |y;, and 
also notations 13.121 for Tj, T a , L' a , as well as the notations of paragraph 13 . 3 . 21 for 
S v , (5a, Ai, A 2 . 

We choose representatives, € T(Y;Q Y ), of the S v , such that supp£„ C 
Int(TD„) (remember that T Dv = \Jr. y iC D„} T i)- For A C F we dehne £ A = 
riueA?i' e r(y";fiy d ); it is a representative of 8\ with supp^A C Int(Tz A ). For 
a,/3,7 £ A we define forms r} a p, 770/37, representing the classes e a p 1 (£ Q /3 7 • £^g 7 ): 

77q/3 = £(A»\A a )j ^a/37 = CAi ' £a 2 ■ 

The forms ?7 Q ^ 7 were already introduced when we defined the product of A. By 
lemma I3.2UI below, the multiplications by the forms 77,^ give quasi-isomorphisms 
of sheaves g a @ : A a/3 — > £> Q/3 . By the definitions and the identity (similar to J2HJ)) 
Vap ' 77/3 7 = 77 Q ^ 7 ■ 77 Q7 , the morphism g = (Bg a ^ : A — > B is a morphism of sheaves 
of dg-algebras. 

We have thus obtained a quasi-isomorphism between B and ^4, and hence an 
equivalence of categories between Dg(M a ) and D_a(A ®g M Q ). We remark that 
M a is £>-flat because S ~ ®„ e AM Q . It follows that A ®g M a ~ 7V Q , for the 
„4-module TVq, = Q 'ga-4. q q - This concludes the proof of the proposition. 

Lemma 3.20. Let us set, for i G I, V = <fr l {Ui), V[ = <j>'~ l {Ui) = T Vz . 

(i) For a, (3 £ A, i G 4>(Z a p), we have a well-defined morphism of sheaves on V(: 

f l a p : Vl v , <8> Hom(L aA , Lp ti ) -> Sl^ 2d =' 3 <& Hom(L' a , L'p), (a <g> u) i-> (77^0-) ® u, 
where a £ fiy, if S l-iom(L' a ,L!^). On i/ie global sections, it induces a morphism 

a/3 . tap nap 

!Ji ■ "*S ~~ * °i ■ 

(ii) 27ie morphisms g" , i £ (f>(Z a p), extend to a morphism of differential graded 
sheaves on I , g af3 : A a ^ — > /3 Q ' 3 , which is a quasi-isomorphism. 

Proof. Since Ui is open, we have, by lemma l5.14l (T). Y \ Vi C TyxVi = Y \V-. By 
definition of T Y \Vi , this implies in fact Y \ Vi C Int(y \ V/), or, as well, V( C K;. 
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(i) We consider i £ <f>(Z a p) and set T l af3 = {{T a n Tp) \ (Tp \ T a )) n V{. We first 
prove the isomorphism: 

(38) Hom(L' a , L' p )\ v > ~ (Hom(L a<i ,Lp ti )) T i. 

We have by definition L' a \v' — {L a ,i)T a c\V' ■ Since i € (f)(Z a p), Z a n Vi is closed 
in V; and, by lemma l3~14l (i), (ii), T Q (~l VJ' is closed in V- . The same holds for [3. 
Since (|3"5)l can be checked locally, we may assume L a ^ — Lpj — C^. Now, for two 
closed subsets M, N of a manifold X, and ijv the inclusion of N in X, we have 

Hom(C M ,C N ) ~ (i A r)„HoTO(i^ v 1 C M , Cat) ~ (iN)iftom(C MnN ,C N ). 

One checks that Hom(CMnN, Cat) ~ Cy, where J7 is the interior of M fl iV in AT. 
This gives the formula for Tig . 

We may write a s well r^ fl = ((T a nTp) \ (Tp \ T ZAa )) n V(. A form w G r(V?; O y ) 
such that suppw HT^ \ Tz Aa = belongs in fact to T(V/; (£V)v7\(t 3 \Tz ))• Since 
T a fl TJ3 is closed in V(, we have a natural morphism from {^y)v\(t i3 \t z& ) to 
(f2y) T » , and w induces an element of r(V^'; (Oy)p ). This condition on the sup- 
port is satisfied by r) a p. Indeed, we have supprj a p C lnt(Tz &a ^ A ), hence it is 
sufficient to check that Tz Aq \ A(3 H Tz^\z Aq = This is equivalent to ^a q \a, 3 H 
(Z,g \ 2a ) = 0, which is obvious. Hence the multiplication by r) a p sends fi^ into 
(f2vj) T i [2d Q| g]. In view of (|38|l . this gives the morphism Now, remember that: 

= r(F/;Oy®W m(^,^)), 
^ = r(V5;fiy- ®Hom(L ati ,Lp }i )) [-2d a p]. 

Hence the restriction from V$ to V^', composed with r(y/; /ig) gives . 

(ii) Let us first see that the g"^ extend to i g" (f>(Z a p). In view of the definition 
of A (seeESJ), for i <j>(Z a p) U 4>(Z AaUAp n (LUa^ha^ A,)), we have Af = 
and g"' 9 is trivially defined. So we assume i 6 4>(Z Aa \j Afj n (U^eA' nA' -A)- We 
let j be such that V 4 \ flJ„ e A' a nA' A>) = V i- 

Let us first extend (|38[1 to this case: 

(39) Hom{L' a , L'p)\ v , ~ (Hom(L at i, Lp^))^ , 

where £7^ = ((T Q nT^) \ (T> \ T Q )) n V/. By definition, L^| Td „ = for v E A' a , 
hence we have £q|v" = (L^,)y . Denoting by u : — > V/ the inclusion, we deduce, 
in view of l|38|l : 

(40) Hom(L' a ,L'p)\ v i ~ u*(Hom(L' al L'p)\ v >) ~ u»(Hom(L ati , Lp^) T j ). 

By lemma 15.141 (iii), the inclusions C Vj C VJ' are locally homeomorphic to 
inclusions of convex subsets of R d , and (|39|l follows. 

Now we define g^ . Since ^l"' 3 = -4"^, we just have to check that g"^ factors 
through the restriction morphism B" 13 — > . As in (i), formula (|39|l implies the 
existence of a morphism 

/*£ : ® Hom(L aji , L w ) -> fi^, 2 ^ ® Hom(L' a , L'p). 
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We also note, by JU3J, that supp Hom(L' a , L'a)\y> C VJ. Since V- C Vj, we obtain 

Bf = T{Vl n Vj\ Sly ® Hom{L' a ,L' )). 

Hence T(V( (~l Vy, f^p) yields a morphism from 

#U = T{ yl n ^ ^ ® ^om(L Qil , L w )) [-2d a/3 ] 

to B"' 3 . Composed with the restriction morphism from A a ^ to B' a0 j, it gives the 
required morphism A" — ► Bf 3 - 

Since g"^ 3 is defined by factorising ff"' 3 , it is clear that the g a ^ commute with 
the restriction maps and define a morphism of sheaves, g a @ : A a @ — > $ a ^. 

Now, let us check that <? Q ' 3 is a quasi-isomorphism. We have to prove (with the 
notations 13. 4|l : 

(a) for i G I a p, H'(gf^) is an isomorphism, 

(b) for i S I' a g and j G 7 Q/3 such that V* \ (\J V&A , n/V A,) = Vj, we have 

H{Bf)~H{Bf), 

(c) forz^U/^), H (Sf)=0. 

By the definition of g" 13 , (a) follows directly from quasi-isomorphism Let us 

verify (b). Since L a \ Dv — for v G A' a , we have L a \ Vi = (L a )v r Hence, using (J2SJ, 
we have the required isomorphism: 

H-(Bf)~Ext(L a \ Vi ,Lp\ Vi )~Ext-(L a \ V] ,Lp\ V] )~H-(Bf). 

Let us prove (c). We first note that assumption 13.11 (ii) implies, for F G D b (Y), 
constructible with respect to the stratification Y = \_\ ieI Yi, Mi G I, H'(Vi;F) ~ 
H (Yf,F). By 123, it follows that: 

H-(Bf)~Ert(L a \ Vi ,L \ Vi ) 

~ H {Vi;RHom(L a , Lp)) ~ iT(Yr, RHom(L a , Lp)\ Yi ). 

Now, we have either z ^(^A n uA^) or there exists Uo G A^o = (A^ U A,) \ (A^ n 
Ag) such that 5^ C Aj - In the first case Yi doesn't meet supp (RHom (L a , Lp)) 
and the vanishing of H' {Bf 13 ) is clear. Let us assume we are in the second case. For 
a G A, we set V a = Y\{J veA , By lemma EHH we have L a ~ ~ Ty Q (X a ). 

Let us set V — V a DVp and let j : V — > F be the inclusion. We obtain: 

R,Hom(L a , Lp) ~ RHom((L a )v a , RTv (Lp)) 

~ RTvRTCom(L a ,Lp) ~ Rj*RHom(L a \v,Lp\v)- 

Now Z a <lV and ZpP\V are closed in V and their intersection Z Q ^ l~l V is empty or 
a smooth submanifold of Zp DV of codimension 2c? a/ 3. Hence i?7ioTO(L a |y, i/jjy) 
is isomorphic to if Q ^ [2d a /s] , where if Q ^ is a local system on Z Qj g n V . By assump- 
tion l3.ll (v), the monodromy of K a p around D Vo is —Id. By lemma |2~B1 we obtain 
•Rj*-K'q / 9|d„ = and, a fortiori RHom(L a , Lp)\y t — &ndH (Bf)=0. □ 
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4. Symmetric varieties 

We recall some results of on regular compactifications of homogeneous sym- 
metric varieties, in particular the structure of the decomposition by the -ftT-orbit 
types, for a suitable maximal compact subgroup K. Then we show that the hy- 
pothesis of proposition 13. 71 are satisfied. 

Let G be a semi-simple algebraic group of adjoint type over C, a an automor- 
phism of order 2 of G and H = G a . Let T be a er-stable maximal torus of G 
containing a maximal a-split torus S (i.e. Vi G S, a(t) = t^ 1 ). The corresponding 
root system 4> = <fr(G, T) decomposes as$ = $oU$i, where $o denotes the set of 
roots fixed by the action of a. One may choose a basis of simple roots E such that 
a exchanges the corresponding positive roots of $i with the negative roots of $i. 
The non-fixed roots $i induce a root system on S with basis {71, ... ,7;} given by 
the restriction of En $1. The corresponding Weyl group is denoted by W 1 . We set 
D = H n S, the subgroup of S of elements of order 2, and S' = S/D ~ T/(T n H). 
The natural map S — > S' gives an identification between the Lie algebras Lie(S) 
and Lie(S'). Let H° be the identity component of H. By proposition 1 of ^2] 
(see also proposition 7 of JJj ), we have H = D ■ H°. In particular the group of 
components of H is a quotient of D, hence of the type H/H° ~ (Z/2Z) a , for some 
a 6 N. 

Regular compactifications. Let X be the canonical compactification of G/H 
described in [S] and |7J. It can be defined as follows: let Gr n be the Grassmann 
variety of n-dimensional subspaces of Lie(G), for n = dim(iJ), with the G-action 
induced by the adjoint action. Let x £ Gr n be the point associated to Lie(H). 
One can show that G ■ x ~ G/H and that X is isomorphic to the closure of G ■ x 
in Gr n . It is proved in 6\ that X is smooth, X \ (G/H) is the union of I smooth, 
normal crossings divisors, say Dj, i = 1, . . . , I, which are closures of G-orbits, and 
any G-orbit closure is the intersection of the Di containing it. More precisely, 
the decomposition into G-orbits is identified with the decomposition of the toric 
variety C l into orbits for the action of (C*)', as follows. The inclusion S C G 
gives an embedding of S' in G/H, and hence in X. The closure of S' in X is a S'- 
toric variety, whose fan can be identified with the subdivision of Lie(S') into Weyl 
chambers under the action of W 1 . We consider the affine space C l associated to the 
negative Weyl chamber. Then the G-orbits in X correspond bijectively (by taking 
the intersection with C ) to the 5'-orbits in C . In particular, there are 2'-orbits 
and one single closed orbit. Let O C X be a G-orbit. Then its closure is fibred 
over a variety of parabolic subgroups of G, with fibre a symmetric variety. More 
precisely, there exist a parabolic subgroup P C G, and a G-equivariant fibration 
O — > G/P, whose fibre, say Xq, has the following description. There exists a a- 
stable Levi subgroup L of P, such that, denoting by L' the quotient L/Z(L) (Z(L) 
is the centre of L), Xq is the canonical compactification of V /L I<T . 

In [7] there is a description of the embeddings of G/H over X. If Y is such an 
embedding, with a map n : Y — > X, the closure of S' in Y gives a toric variety, say 
Z', and Z — Z' D 7r _1 (C i ) is a toric variety over C'. It is shown in [7] that this 
gives a bijection between the embeddings of G/H over X and the toric varieties 
over C l . For Z — > C l a morphism of toric varieties, let ir : Xz — > -X" be the 
corresponding embedding of G/H. Then Z = tt _1 (C') and the G-orbits in 
correspond bijectively (by taking the intersection with Z) to the S"-orbits in Z. 
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Moreover Xz is smooth if, and only if, Z is smooth and Xz is complete if, and only 
if, Z — > C' is proper. From now on we assume that Xz is smooth and complete. 
These are the symmetric varieties we consider here. 

Notations 4.1. We denote by V the set of irreducible G-stable divisors, D v , v G V. 
Any G-orbit closure is the intersection of the D v containing it. For A C V such 
that n«6A D v 0: we let Oa be the G-orbit such that Oa = f\eA D v - We denote 
by iS the set of G-orbits; hence S is identified with a set of subsets of V. 

Fundamental domain. In [3J, we also have a description of the orbits of a suitable 
maximal compact subgroup of G. Let K be a compact form of G such that the 
Cartan involution of G corresponding to K commutes with a and such that KPiT is 
a maximal compact subgroup of T. We set S c = K D 5. Let £j = £~ 27i , i = 1, . . . , I, 
be the characters of S' associated to the simple roots extended to a coordinates 
system on C'. We set G =]0, 1]' C S' C G/H. We consider the closure of G in 
Xz, Cx z = C- I n particular, Cx — [0, 1]'. Note that (tt|^) _1 ([0, is closed and 
contains G, so that Cx z is in fact contained in Z. Hence C'x z is mapped to C'x by 
7T. This is a fundamental domain for the action of K on (see [2] theorem 27). 

Stabilisers. The stabiliser in X of a point of Gv z is described in 0, p. 27, as follows. 
For a point q G Ox = [0, 1]', we call its J-support the subset of {1, . . . , 1} defined 
by J{l) — 9i !}• Let t : 5 — * S' denote the quotient map. For q e]0, 1]' C 5', 
let q G r^ 1 {q) be in the connected component of r _1 (]0, containing 1. Then 
the centraliser of q in G only depends on J = J(q); we set: 



For J C {1,...,^}, we denote by Cx z ,j, or simply Gj if there is no ambiguity, 
the subset of Cx z formed by the p such that J(tt(p)) = J. By definition this 
decomposition of Cx z arises from the decomposition of Cx — [0, 1]' according to 
the set of coordinates equal to 1: Cx z ,J = Mc*. ) _1 (Gx,,/)- 

We also consider the partition of Cx z given by the G-orbits: Cx z — Uags H 
Gx z ■ All points p G Oa H Gx z have the same stabiliser in S c . Indeed Cx z C ^, 
and Oa H Z is a single S"-orbit of the toric variety Z , so that all points of Oa H Z 
have the same stabiliser in 5". We set S A = Sp for any p G Oa H Ga- z ■ 

Now we mix the two partitions above and set, for A G S and Jc{l,...,i}: 



The -Fa, j are called the "faces" of Cx z (if Xz is projective, the moment map for 
the if-action identifies Cx z with a polytope, and the "faces" are the usual faces of 
this polytope - see 0, p. 25). We have the following description of the stabilisers: 

Theorem 4.2 (theorem 32 and corollary 35 of 0). For p G Cx z let Fa,j be the 
face containing p, and let K p be the stabiliser of p in K . Since Oa is K-stable, K p 
acts on N p — T p Xz /T p Oa- We have: 



In particular K p only depends on the face to which p belongs. For a face F, we 
set Kp = K p , for any p G F . Let us make some remarks on the decomposition of 
Oa- z into faces. 



Kj = K°nZ G (q). 



F A ,j = o A nCj. 



(41) 
(42) 



Kj = ker(K p -» GL(N P )), 
K P = S A -Kj, S c A nKj = D. 
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For X z = X, we have Z = C l , Cx = [0, 1]'. We may identify V with {1, . . . , 1} 
so that, for A C V, Oa n C l = {(ti, U); U = iff i G A}. Hence: 

for X z = X : F A ,j = {(< l7 ...,<;) G [0, 1]'; i,- = iff i G A and ^ = 1 iff i (£ J}. 

The image of a G-orbit of Xz, say Oa, A C V, by 7r is a G-orbit of X, say Os, 
Ec{l,...,!}. The restriction 7r|o A : Oa — ► Cs is a fibration, and gives a bijection 
between the faces Fa,j of Gx z H Oa and the faces Fs,j of Cx n Os- In particular 
Gx z H Oa has a unique closed face, Fa.s, and a unique open face, Faai,,„,i\- We 
also deduce that Fa,j C Fa,j> if and only if J C J'. 

We have similarly Fa.j C Fa',j if and only if A' C A. Indeed if -Fa,,/ C Fa'.j, 
then certainly Oa H Oa' 7^ and hence A' C A. Conversely, assume A' C A and 
let p G Fa, j- Since p G Oa', we may write p = lim n p„, with p n G Oa'- Now each 
p n is itself a limit of points of O0, which is identified with (C*)' by ir. Let us write 
p n = limj with q£ = . . . , tfj). Since p & Cj, for any e > 0, there exists a 
neighbourhood U of p, such that qf G E/ implies \t" i — 1| < e, Vj G - J. Hence, up to 
restricting to a subsequence, we may assume that, for each n great enough, Vj G - J, 
lim; = s™ for some s™, with |s™ — 1| < e. We set s™ = 1 for j G J. Then, for the 
element g n = (s n ) G (C*) ; , the point p' n = g~ x ■ p„ = lim, g^ 1 ■ q" is in Oa' H Cj. 
The converge to p, and we have p G i*A',j, as required. 

Combining both characterisations for the inclusions of closures of faces, we have: 
Fa.j C Fa\j' is equivalent to A' C A and J C J'. Now we summarise the 
notations and properties introduced so far and add some others. 

Properties 4.3. For A G S, J C {1, ... , I}, we have F A ,j = A nC Xz j- We let T 
denote the set of faces, T = {Fa.j; Fa, J 0}- We let (p : Cx z — * T be the natural 
map induced by this partition and endow T with the quotient topology. For A G S, 
Oa n Cx z has a unique closed face, which we denote by Fa,j a , J a C {1, . . . , I}. 
As in section I^Tl for a face F of Cx z , we let Uf be the smallest open subset of T 
containing F. We set U' F — ip~ 1 (Uf)', this is an open subset of Cx z which contains 
F as its unique closed face. 



(43) A> AiJ = S C A ■ Kj, 

(44) A' c A => S A i C S A , J C J' ==>■ Kji c Jfj, 

(45) F A ,j C Fa77 A' C A and J C J', 

(46) U F = {F' G T; F c F 7 }, = Ufcf^ F '> 

(47) ^ = Ua'cA,J'd.7^A'„7' = (UA'cAOA')n(LljO J C'j'). 

(48) ^,,n^=^w 



The first equality in (|47|l follows from (|45|l . The second follows directly by applying 
the definition of the faces, and it implies (|48|l . 

4.1. Stratification by the faces. 

Lemma 4.4. We keep the notations introduced above. Let X' z = Xz/K be the 
topological quotient, pz ■ Xz — ► X' z the quotient map and qz = Pz\c x ■ We 
consider on Cx z the topology induced by its inclusion in Xz- We have: 

(i) the map qz is a homeomorphism, 

(ii) the partition of Cx z by the faces, Cx z = \_\feJ 7 ^> satisfies: if F n F' 7^ 
then FcP, 
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(iii) the induced partition of Xz, Xz = \_\f£F ^ ■ F , * s a 1^- stratification; it sat- 
isfies the same inclusions relations for the closures of strata as the partition 
of Cx z by the faces. 

Proof, (i) Since Cx z is a fundamental domain for the if-action, qz is bijective. It 
is continuous by definition. For an open subset U C Cx z > Cx z \ U is compact 
because Cx z is. Hence qz{Cx z \ U) is compact too, and qz{U) is open. This 
proves that q^ 1 is continuous too. 

(ii) Let Fa, j, Fa',j* be two faces such that Fa,j (~l Fa>,.j> / 0- By definition of 
the faces, this implies OaHoV^ and Cj nCV # 0- Hence A'cA and J C J'; 
we conclude by |@SJ. 

(iii) By (i) , we have for any subset C C Cx z : 



A" • C = Pz\pz{K ■ C)) = Pz \qz{C)) = Pz \qz(C)) =K-C. 

This implies that our partition of Xz is a stratification and the last assertion. Let 
us verify the "/j,-condition" for two strata K ■ F, K ■ F', with F C F' (see EH- 
This condition is local around a point of K ■ F and we may restrict ourselves to 
K ■ U' F . In K ■ U' F , our stratification coincides, by (|43|) . with the partition by the 
if-orbit types. By the existence of slices for action of compact groups this partition 
is locally trivial: a point x G K ■ F has a neighbourhood of the type R d x E\, 
where E\ is a representation of K x with as unique fixed point, and the partition 
is induced by the partition of E\ in i^-orbit types. In E\, the /x-condition for 
the strata {0} and [K ■ F 1 ) n E\ is trivially satisfied; hence it holds for K ■ F and 
K ■ F'. □ 

Notations 4.5. We stratify Xz as in the above lemma. We denote by <f> : Xz — > T 
the continuous map defined by <f>(K ■ F) = F, for F G T . We set Vp — K ■ U' F — 
<fi~ 1 (Up). From now on we denote by E a universal bundle for K which is an 
increasing union of manifolds, E = {J k Ek- Since tt\(E) = 1, for any subgroup 
H G K we have m(E/H) ~ H/H°. We let >ip : E x K X z T be the map induced 
by <t>- 

We are in the setting of assumption ^. II with Y = Xz in a A-equivariant way, 
or Y = E Xk Xz (see remark ETHll . 1 — T, and a set of normal crossings divisors 
D v = 0{ v }, v G V (we will introduce local systems L a in the next paragraph). Let 
us verify conditions (i)-(iii). The first condition follows directly from (|48|l . By (14 71) . 
we have, for A G S and v G A, 

u' F ^ \ D v = ((LL'ca OaO \ i>») n (U, 7 , DJ Cj,) 
(4! " = (U^caOaO n {Uj^jCj.) = u F ^ {vhJ , 

and this gives condition (iii), the case v A being trivial. Condition (ii) of 13.11 
follows from the next lemma. 

Lemma 4.6. Let F be a face. 

(i) There exists a homotopy h : [0, 1] x U' F — > U' F , such that hi = id and ho is 
the projection of U' F to a point of F , with the property that the closures of the faces 
of Up are stable under h t , Vt G [0, 1]. 

(ii) It induces a K-equivariant homotopy h : [0, 1] X Vp —> Vp contracting Vp to 
a K-orbit K/ Kp C K ■ F and preserving the closures of strata. 
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Proof, (i) By definition, the faces of Cx z are contained in S'-orbits of Z . Let Y 
be the S'-orbit containing F and let U be the union of the S"-orbits whose closure 
contains Y. Then U' F is included in U. There exists a one-dimensional subtorus 
i : C* <-> S' of S' contracting U to Y, i.e. Vy e U lim t ^ i(t) • y e Y. Note that 
for t g]0, 1], a; G U Pi Cx z , i(t) ■ x still is in U n Cx z and belongs to the same 
face as x. Hence the homotopy hi : [0,1] x U' F — > t/p, (t, a:) i— > • x if t 7^ 0, 
(0, a;) 1 ► lim f ^o • contracts U' F to C/p n V and preserves the closure of the 
faces. 

Now Y is fibred over ir(Y) with fibre (C*) k , a quotient of S'. It follows that 
Cx z is fibred over Cx ri7r(y), with fibre W, where W is a subset of R> stable 
by multiplication by ]0, l] fe . In particular W is contractible. Moreover this fibration 
is a bijection on the faces. Hence there exist sections s : Cx H ir(Y) — ► Cx z H Y 
of 7r|c Xz ny, and for any such s, we may find a homotopy contracting Cx z H F to 
im(s), which preserves the fibres and thus the faces. 

Finally, im(s) ~ Cx H 7r(Y") is a union of standard faces in [0, l] 1 , isomor- 
phic to ]0, l] m x {0}' _m , up to a permutation of coordinates. Then im(s) fl F ~ 
]0, l["x{l} m -" x {0}'-' m and im(s)nf7 F ~]0, l[ n x]0, l]™"™ x {0}'-™ Hence there 
exists a third homotopy contracting im(s) H U' F to a point of F also preserving the 
closure of the faces. 

(ii) By lEjl and JUJl, for any faces Fx, F 2 with Fi C F%, we have i\p 2 C K Fl . 
Since VF' G U F , h([0, 1] X F') C F 7 , we obtain V(t, x) G [0, 1] x U' F , K x c isT ft(t)a .). 
Hence it makes sense to define h : [0,1] x Vp — > Vp, (t,k ■ x) 1— > fc • h(t,x), for 
iG [0, 1], fc G if, cc G f/p. It is clear that = an d ^1 is a if-equivariant 
projection to K/K F . Let us verify that h is continuous. 

Let (t n ,y n ) be any sequence in [0, 1] x V F converging to (t,y). Let us see that 
a subsequence of h(t n ,y n ) converges to h(t,y). For each n there exists a unique 
x n G Up such that y n G K ■ x n . With the notations of lemma 14.41 we have 
x n = Qz (pz(yn))- Since these maps are continuous, the sequence x n converges 
to x = q^ 1 (pz(y))- Let us write y n = k n ■ x„, k n G K. Since K is compact, we 
may assume, up to restriction to a subsequence, that k n converges to k € K . Then 
h{t n ,y n ) = k n ■ h(t n , x n ) converges to h(t, y) — k ■ h(t, x), as desired. □ 

Let us give some immediate consequences of this lemma. We consider the map 
p F : V F — + K/Kp, k ■ x 1— > k, where k G K, x G U' F . This makes sense because 
Vx G U' F , K x C K F (recall that U' F = U^cf 7 ^")- With the notations of lemma^D 
let xo G F, be the point of F such that h(l,U' F ) = {xq}. By definition, we have 
in fact pp — h(l, ■) modulo the identification K ■ xq — K/K F . In particular p F 
is continuous. Since it is if-equi variant, it is a fibration over K/Kf, with fibre 
K F ■ U' F . The homotopy h also is if-equivariant and hence contracts each fibre 
Pp 1 (y)7 V € K/Kp to the point y. We let 

(50) q F : E x K V F -> F/ifp 

be the map induced by pp. This also is a fibration with contractible fibres. 

For a G-orbit C?a, with closed face Fa,j a , and a face F' = Fa,j' such that 
F' G Oa (i-e. J a C J'), Oa (~l Vp/ is closed in Vp/: indeed if a face Fa 1; j x is 
included in 0a it satisfies A C Ai, and if it is in Vf> it satisfies Ai C A; hence 
any face of Oa H Vp' is in Oa ■ Since the homotopy h of lemma 14.61 preserves the 
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closures of faces, it follows that h contracts Oa H Vf> to K/Kp. Hence the maps 

(51) Ex K {G A C\V F >)^>Ex K V FI -+E/Kf> 

are homotopy equivalences. In particular the fundamental groups are the same: 

(52) 7Tx(E x K (O a n V F >)) = ni(E/K P >) = Kp>/K%,. 

4.2. Equivariant local systems on Xz- Remember that G-equivariant local sys- 
tems on a homogeneous variety G/G' are in bijective correspondence with repre- 
sentations of the components group G'/G'° of G' . For a G-orbit O, we denote by 
ro the group of components of a stabiliser, tq = G p /G p , for p G O. We introduce 
similar notations for the groups of components of the groups defined up to now: 

S C A ° = (S C A )°, D A = Dn S c A a , 

tj = Kj/K°j, r A = S C A /S A ° = D/D A , t f =Kf/K f . 

For a G-orbit O a , remember that F Aj j A denotes the unique closed face of O a C\Cx z ■ 
For p G F = Fa.Ja i Kp i s a maximal compact subgroup of G p (see 0, p. 31), hence 
to — Tp. Let us remark that tj ~ (Z/2Z) a , for some a G N. Indeed, by 1)42 jl. we 
have Kp = S A ■ Kj, but _?Tf is connected and S"^ and -Kj are compact, so that we 
have as well Kp = S A ■ Kj. Hence, for k e Kj, there exist s G S^ , fe' G such 
that k = sfc'. Applying a we find fc = s _1 fc', so that s = s _1 and s G D. Thus we 
have proved that Kj = D ■ Kj, and the claim follows. 

Let us fix a face F = F A< j. By 141(1 . Kj is a normal subgroup of Kp. In fact 
the identity component S A of centralises Kj. Indeed, Vs G S A , Vfc G Xj, we 
have k' = sfcs -1 G Kj. Since ifj c we deduce k' = cr(fc') = s _1 fcs and then 
k = sk' s^ 1 = s 2 k s~ 2 . Since any element of the torus S A is a square, our claim 
follows. Then 1(42(1 gives the exact sequences 1(53(1 . (in which S A x ifj is a direct 
product). We deduce the exact sequences (154(1 . 

(53) 1 — y D — ► S A K if j — > Kp — ► 1, I^Ba^S^x if 7 # F -> 1, 

(54) D — > t a t< tj — > Tp — y 1, D A — y tj — ► Tp — y 1. 

In particular, the groups rp (and then to) are quotients of the tj, hence of the 
type (Z/2Z) a , for some a G N. 

Let us consider more precisely the group t a . Remember that S A is the stabiliser 
of a point p G Cx z G Z in 5 C = K n 5, which is the maximal compact subgroup 
of 5 (hence connected). Moreover D = {t G 5; t 2 = 1} ~ (Z/2Z)*, 5 acts on Z 
via S' = S/D and Z is toric for S' , so that 5^ is connected. Let S' c = S c /D be 
the maximal compact subgroup of S'. Then S' p is connected too and the exact 
sequences 

i -h. l> -> s£ s*; c -> i, i -> (z/2Z) 1 ' -» ^° -> s; c -» 1, 

where /' = dimS£° = |A|, show that r A ~ (Z/2Z)HA| and Da ^ (Z/2Z)I A I. For 
Ai G 5, such that A C Ai, we have S A C S A and a natural morphism t a — > r Al 
which is surjective with kernel (Z/2Z)' Al l~l A l . 

Lemma 4.7. Lei Oa be a G-orbit of Xz and L p a G-equivariant local system on 
O a , corresponding to a representation p : T£> A — > GL(V P ) of tq^. We assume 
that L p is irreducible. We set F = Fa,./ a an d let i F : t a —> Tp = tq^ be the 
morphism induced by (154(1 . For v G V \ A such that Ai = A U {«} G S, we have 
ker(rA — > ta x ) — Z/2Z. We Zet s„ G ta &e i/ie generator of this kernel. 
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Then p{i F {s v )) = ±Idy p and this is the monodromy of L p around D v . If 
p(iF(s v )) — Idy p then p induces a representation, pi, of tq Ai and L p extends 
to a local system, L\, on O a LI All such that Li\o Ai corresponds to p\. 

Proof. Recall that the variety Xz comes with a morphism tt : Xz — > X. The 
G-orbits of X are parameterised by subsets of {1, . . . , 1} and J A C {1, . . . , 1} is 
determined by: ir(0 A ) = Oj A . The hypothesis gives 7r(0Ai) C i(Oa), so that 
J a C J a x - We set F\ = F& u j A . By (gSJ we deduce that U Fl C\U F = U F2 , where 
F% = F At j A ■ We obtain the following commutative diagram 

Ex K V FAl:JAi < 3£ x K Vp A jAi c ^ Ex K V Fa>Ja 

u u u 
Ex k O Ai ^—5 x K (Oa n W A , jAi )c _ Ex k O a 

e/k Fai , JAi ^ e/k FAiJAi ^e/k FA:J& , 

where the vertical arrows are homotopy equivalences, by l|51f) . Let us consider a 
"small" loop 7 in E Xk O a around E Xk Al , as in section EOl Since 7 is small, 
we may assume that it is included in the neighbourhood E Xk V Fl of E Xk Al . 
Since 7 doesn't meet ExkD v and V Fl \ D V = Vf 2 , by j4*9fr. 7 is in fact contained in 
E Xk Vf 2 - Hence it represents a generator of the kernel of 7ri(i), the map induced 
on the fundamental groups by the inclusion i of the above diagram. 

Let j : Tp 2 — > be the morphism induced by r A — > tai- By JSSJl, j = 7Ti(i) 
and by i|54[) we have the commutative diagram: 



D >■ r A X Tj Al >" TFa ^ 1 

II I I 1 I 

D TAi X Tj Ai ^ T Fl 5~ 1 , 



We have already seen that ker(r A r Al ) ^ (Z/2Z)l Al HA| ~ Z/2Z. The above 
diagram implies that ker(j) is or Z/2Z and is generated by i F (s v ). Since si = 1 
and V p is irreducible it follows that p(i F (s v )) = ±Idy p - 

We consider L p as well as a G-equivariant local system on O a or as a local 
system on E Xk O a . Then L p \ex k v f corresponds to the representation P2 of t F2 
given by j and p. The representation pi gives a representation p\ of t Fi = tq Ai if 
and only if it sends ker(j) to Idy p , i-e. p(i F (s v )) — Idy p . This also is equivalent to 
the fact that L p extends to 0a LI Al , with a restriction to Al corresponding to 
Pi- ' ' " □ 

Definition 4.8. We let A be the set of pairs a — (O, p), where O is a G-orbit and 
p : to — > GL(V P ) an irreducible representation of tq. For a = (0,p) £ A, we let 
A Q G S be such that = Aa and, with the notations of the previous lemma, we 
set 

= {v G V \ A a ; A Q U {v} G S and p{i F {s v )) = -Id}, Z a = 0\ (J veA , a D v . 

By the lemma, the G-equivariant local system on O corresponding to p extends to 
a G-equivariant local system L° on Z a . We extend it by outside Z a (keeping 
the notation L° also for the extension). We denote by L a the corresponding local 
system on E Xk Xz- 
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4.3. dg-algebras on the set of faces. By section l2~71 we have the equivalences 
of categories: 

D b G jX z ) ^ D G (Xz)(L° a , aeA)~D(Ex K X z ){L a , a G A). 

We are in the situation of assumptions 13 . II with Y = E Xk Xz, stratified by the set 
of faces F, the subspaces E Xk D v and the local systems L a , a € A. Conditions 

(i) -(iii) were verified in section l4~Tl and (iv), (v) follow from definition ^. 81 Hence we 
may apply proposition 13. 71 the category Da(X z )(L^) is equivalent to a category 
of dg-modules over F, D-ji(N a ), where TZ is a sheaf of dg-algebras on F, whose 
description is recalled below, and the iV Q are 7?.-modules. 

First, for a = (0,p),/3 = (£>', p') G A, we define a sheaf TZ af3 on F by its stalks 
at any face F. We have: 

4>{0) = {F AJ € J- ; A Q c A}, and 4>{Z a ) = {F A ,j e T\ A Q c A c {V \ A' a )}. 
We recall the notations 13.41 (with F a p instead of I a p)- 

ct>{Z a n Zp) = {F AJ e F; (A a U Ap) c A c (V \ (A' a u A' ))}, 
|A Q \A^|, A' a(3 = (A' a \A' p )U(A' \A' a ), 

<f>(Z AaUAl3 \ (UoeA'^ D vj) \ Pap 

{F V 6f;(A a UA^)cAc(y\Ay and A^nA^A^O}. 

For F G <fi(Z a ), the restriction to E x^ K ■ F of the local system L a has an 
extension to E Xk Vf (recall that Vf = <P^ 1 (Uf) - notations 14. 5|l : we denote it by 
L a ^p. According to the defining formula iJSJ we consider three cases: (i) F G F a p, 

(ii) F G F' aj3 , (iii) F $ F a p U F' a0 . For F G JF Q/3 , we have 

ft^ 3 =T(£x K Vf; fifixKi', <8> Hom{L a , Fl L p , F )) [-2d a p]. 
Case (ii) is reduced to (i) as in 13.51 and in case (iii) we have Wf = 0. We set 

n = ® a ,pzAK a v. 

We denote by S v G H K D (X z ; Cx z ) the if-equivariant fundamental class of D v 
in Xz- We choose forms £ v G T(E x K Xz;Q% x K x z ) representing the S v , and use 
them to define a product on TZ, as in 13. 51 turning TZ into a sheaf of dg-algebras on 
T. 

The 7?.-dg-module N a is N a — ® a > . a TZ a a , with a 7?.-structure defined like the 
product of 1Z. Let us set L = ® ae AL a . By Q25JI and lemma 13.201 (ii), we have, for 
a face F G F, the isomorphism of algebras: 

(56) H(TZ F ) ~ i?-(r(C/ F ;^)) ~ Ext DG(Xz) (L| yF ,L| VF ). 

We also introduce the sheaf H on F given by the cohomology of 1Z, i.e. the sheaf 
associated to the presheaf U *— > H'(T(U;TZ)). This is a sheaf of dg-algebras on JF, 
with differential 0. For a face F G T we have T(U F ;H) = H F = H{TZ F ). We 
define in the same way the 7i-module Ti a associated to C/ i — >■ H'(T(U; N a )). 

5. Formality of the de Rham algebra 

We keep the notations introduced in the previous section. Our aim is to prove 
the following result. 



F a /3 — 

d a p = 
(55) T , 

■> up — 
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Proposition 5.1. There exists a sequence of quasi-isomorphisms of sheaves of dg- 
algebras on T , 1Z — ► 1ZA <— 7ZB — » 7?.C <— 7?.!? — > 7?.£ ~ W, relating 1Z and TL. It 
induces an equivalence of categories between Dq c (Xz) and T>n(T~La, a G A) . 

We know from the previous section that T) h G c (Xz) is equivalent to D-jz (N a ). Now 
a quasi-isomorphism between sheaves of dg-algebras induces an equivalence between 
their derived categories of dg-modules. Hence the first part of the proposition 
implies that T> b Gc (Xz) is equivalent to D^(M a ), where M a is the image of N a 
by the chain of equivalences. The remainder of this section is devoted to the 
construction of a sequence of quasi-isomorphisms as in the proposition. It will 
follow from the construction that M a is indeed isomorphic to 7i a . 

5.1. Decomposition of the cohomology. By theorem 14.21 the isotropy group 
Kp almost decomposes as a product, up to a finite subgroup. We deduce a decom- 
position for H'(1Z°p?). 

For F G T, we have defined in (fBTHl a fibration qp : E x K V F — > E/Kp, with 
contractible fibres Kp ■ U' F . In particular qp gives an isomorphism between the 
fundamental groups. Hence, for a 6 A such that F C Z a , the local system L a> p 
on E Xk V F is the inverse image of a local system L' a F on E/Kp. Setting M = 
TLom(L' a p, L'p F ), for another [3 6 A with F C Zg, we obtain: 

, r -, HXJlp 13 ) ~Ext u r Ex V ) (L a ^F,L l 3 t F) 

(57) 

^ Ext D(£/KF) (L a F , L'^p) ~ H- {E/Kp-M). 

The following lemma describes more precisely H' (E / Kp\M). 

Let us introduce some notations. For a face F = Fa,j, we recall that S A ° and 
if j commute and we consider the action of x Kj on E 3 by (s, k) ■ (ei, e2, e 3 ) = 
(sfc • ei, s • e2, fe • 63). Let also q,f be the group morphism S A ° x Fj — > JCp, (s, fc) i— ► 
sfc. The first projection E 3 — > F is aF-equivariant and induces the morphism 
below. In view of l|53|) . rp is a fibration with fibre E 2 /D A , which is acyclic (i.e. 
H°{E 2 /D A ;C) = C and, for i ^ 0, H l {E 2 /D A ;C) = 0). The projection to the 
last two factors E 3 — » F 2 induces in the same way the morphism rp below, which 
is a fibration with acyclic fibre E. 

(58) E/Kp F 3 /(S A ° x Kj) — (F/S A °) x (E/Kj). 

Lemma 5.2. We consider a face F = Fa,,/ € T ' , p : Tp — > GF(V P ) a representation 
of Tp, and M the local system on E/Kp corresponding to p. We let pj : tj — > 
GL{Vp) be the representation obtained from p and the morphism tj — > rp. We let 
Mj be the local system on E/Kj corresponding to pj. Then 

H (E/K F -M) ~ C[X V ; v £ A] ® R (E/Kj; Mj), 

where the X v are indeterminates of degree 2. 

Proof. Since rp is a fibration with acyclic fibres, we have M ~ F(r F )*(r F ) _1 AF 
Hence H' (E/Kp; M) ~ H-(E 3 /(S C A x Fj); (r^^M). We have n^E/Kp) = t f , 
tt\(E 3 /(S a x Fj)) = rj and the morphism induced by rp on the fundamental 
groups is the morphism of the lemma tj — > Tp. Hence (r F ) _1 M is the local system 
corresponding to pj. 

Since rp has a contractible fibre, it gives an isomorphism on the fundamental 
groups. Hence (rp)^ 1 ^! ~ (i~f)~ 1 {Ce/s%° H Mj). This also gives an isomorphism 
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on the cohomology groups of (r F ) 1 M and C^ygco ^ Mj. We conclude by the 

Runneth formula and the fact that S'g is the torus (C*)I A I, so that H'(E/Sf; C) = 
H' qc0 ({pt}; C) is a polynomial algebra in |A| variables. □ 

A 

We describe the local systems L a ^p on E Xj- Vp, L' a F on E/Kp and (L' a F )j 
on E/Kj, in terms of representations. 

For a = (0,p) G A, let F a = FA a ,j Aa be the closed face of O fl Cx z and V p 
be the representation space of p. We have seen that to = Tp a , so that we have a 
morphism tj Aq — > re>. Let a be a G-orbit such that Ca C O and with closed 
face -Fa.Ja- We recall that 7r(C) = 0j Aq and 7t(0a) = Cj A (where 7r is the map 
from Xz to X). Hence Ja q C Ja- If F = Fa,j is another face of Oa, we have 
J A C J. Finally, for any face F = -Fa,./ such that F C 0, we have Ja q C J, so 
that Kj C Kj A and we obtain a group morphism: 

(59) for F A ,j CO, # : tj -» r a . 

We let pj be the representation of tj given by V p and <j , and we let F be the 
corresponding local system on E/Kj. 

Now we assume moreover that F C Z a . This means, by lemma T4.7I that p 
induces a representation, say p', of tq a . Then the representation pj of tj is given 
by p' and the morphism tj — > tj a — > to a . Since the morphism induced by r F on 
the fundamental groups is tj tf, we obtain the following relations: 

(60) L a , F ~qp l (L' atF ), H)" 1 ^^) - (^FyHCE/sgEL^,?). 

In lemma l5~21 we have used 7J„ c0 ({pt}; C) ~ C[X V ; v £ A]. The choice of indexing 

'-'A 

the indeterminates by A is not arbitrary, as explained in the next lemma. 

For v € V, we have denoted by 5 V the G- (or K-) equivariant fundamental class 
of D v in Xz, 5 V G D (Xz]C). Let us also denote by S v its "restriction" to 
any K stable open subset of Xz- The following lemma describes the image of 
S v G Hk^VfiC) by the isomorphism H K {V F ;C) ~ H (E/Kp; C) composed with 
the isomorphism of lemma 15.21 

Let us first recall the construction of the isomorphism 

(61) H-{E/S C £; C) = H s ({pt}; C) ~ Sym{Lie{S^f) , 

where the elements of Lie(S A )* have degree 2. A character x '■ S A ° — * C* gives 
an element d x G Lie(S A )* by differentiation. It also gives a one dimensional 
representation of S A °, C x , and a line bundle l x = E x S oo C x over E/S A °. The 
above isomorphism sends d x to the Chern class C2(i x ). We note that this Chern 
class is nothing but the S^-equivariant fundamental class of {0} in C x . 

Lemma 5.3. Let v G V and F = Fa,j be a face such that F C D v . For a point 
p G F, S A acts on T p Xz /T p D v ~ C. Let \v be the corresponding character of S A 
and X v G H^ a0 ({pt}; C) the associated equivariant class. We have 

A 

H K (Vp; C) ~ ^({pt}; C) ~ H sf ({pt}; C) ® ^({pt}; C) 
and this isomorphism sends 5 V to X v ® 1. Moreover H qc0 ({pt}; C) ~ C[X„; v G A] . 

^A 

Proof. We have seen that the first isomorphism follows from the homotopy equiva- 
lence qF (see (l5T)|l ) . The second one is a special case of lemma l5~2l with M = Cp ik w ■ 
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We have an action of Kf on N PlV = T p Xz /T P D V and natural isomorphisms: 

H K (V F ;C) ^ H Kp (N p y,C) ^ H Kp ({pt};C). 

The class S v S H k (Vf', C) can be identified with the FF-equivariant fundamental 
class of {0} in N PjV) o~{o}\n p „ G -^f f {o}(^p-' u ' Hence its image by the natural 
morphism from H Kp ({pt}; C) to H' sc0 ({pt}; C) is the S^-equivariant fundamental 
class of {0} in N p . v , i.e. X v . By jljl , ip acts trivially on N p , so that the image of S v 
by F^^-jjji}; C) — > ffj^ ({pt}; C) is 0. Since H^iVp] C) only has the components 
^§oo({p£}; C) and H 2 ij {{pt}; C), we deduce that S v is sent to X v ® 1, as claimed. 

Let us set iV p = T p X z /T p O A . By theorem OJ the kernel of -> GL(N p ) 
is finite. Since 7V p ~ ® V £aN p . v , it follows that the characters x„, u 6 A, are 
independent. Since dimS^ = |A| we obtain the last assertion. □ 

5.2. Decomposition of the dg-algebras. We would like to decompose the de 
Rham complex 1Z F ^ as we have decomposed its cohomology in lemma I5~2*l However 
in the sequence of fibrations, 

Ex K V F ^ E/K f E S /(S C ° x Kj) ^ {E/Sf) x (E/Kj), 

the morphism rp goes in the wrong direction, i.e. we have no natural map from 
T(E/Kj; VL E / Kj ) to T(E x K Vf] ^ex k v f )- Hence we first replace E x K Vf by the 
fibre product built on qF and rp. 



5.2.1. Pull-back to a fibre product. 

Lemma 5.4. We keep the notations qF, rp, rp defined in 150(1 and l(58|l . For a 

face F = Fa, j € T , we set: 

V+ = (E x K V F ) x e/Kf (F 3 /(S a ° x Kj)). 

(i) For any face F — -Fa,,/ G T , we have fibrations 

v F : V+ - E x K V F , r F : V+ - (F/S^) x (F/F 7 ), 

fjr /ias fibres homeomorphic to E 2 / 'Da cMirf rF ftds contractible fibres. 

(ii) For Fj = F Ai j i; i = 1,2, with Fj C Fa, we /iaue a natural morphism 
vf^f? '■ Vf 2 ~* ^Fi a commutative diagram 

E V F2 ^- V+ — (F/S£) x (E/Kj 2 ) 

(62) | | \ 

Ex K V Fl V+ (F/SfJ x (F/JQJ . 

(iii) For a i/wrd /ace F3 wt/j F% C F2 C F3, we /iave ^FiF 3 = WF1F2 v f 2 f 3 - 

Proof. The proof is more or less tautological. By definition, Vp comes with two 
fibrations, v F ■ Vp — > F x K V F , with fibre E 2 /D A , and ^f : V"/ -> E 3 /(S A ° x Kj), 
with contractible fibre Kp -U' F . We set rp — rpoy^p', since //f and rp are fibrations 
with contractible fibres, so is rp. This gives (i). 
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For (ii), we have the inclusions Kp 2 C K Fl , Kj 2 C Kj x , S A2 C S Ai and they 
induce commutative squares of fibrations: 

E 3 /(S C A2 x K j2 ) E/K F2 E x k V F2 - E/K F2 

(63) J 7 2 \ 1 
E 3 /(S Ai x K, h ) E/K Fl E x K V Fl -^U- E/K Fl , 

and a similar square corresponding to rp . Now (ii) follows from these diagrams 
and the definitions. The proof of (iii) is similar. □ 

Definition of 1ZA. Now we pull back the construction of 1Z to the Vp . For 

a = (0,p) € A, and F 6 F, we set L+ F = Vp X L a ^- For » £ F, we set F = 

*4(£v|ex k Vf) e r (^F 5 ^?/+)- For two faces F i c F 2, we have : 

V F 

(64) ^V 2 (L+ Fl ) - <F 2 > V Fl F 2 [C, Fl ) = C,F 2 ■ 

We introduce a sheaf 1ZA on J 7 , copying the definition of A in 13.51 For a, (3 6 A, 
we define the sheaf lZA al3 by its stalks at a face F e Fq.^: 

= r(V+;<V+ ® Hom{L+ F , L+ F )) [-2d a0 ], 

and we reduce the case F ^ F a( 3 to this one, as in definition ^. 51 The only difference 
is that the restriction maps, say from TZA F ^ to TZAp for Fi C F2, are induced by 
Ui?!^ : Vp — - » Vp", instead of the inclusion E Xp Vp 2 C E Xp V Fl . This gives a 
sheaf by (iii) of lemma l5.4l 

We set 7ZA — ®( Qi/ 3) eJ 427\L4 Q/3 and endow it with an algebra structure as 7Z: 
more precisely, we define the product on the stalks at a given face F by replacing 
the in the definition of 7Z by the F ; the compatibility of the product and the 
restriction maps follows from l|64f> . 

For a face F, the inverse image by v F induces a natural morphism v* F : 1Z F — > 
TZAp. Since £' v F — v F £, v , we see that the v* F are morphisms of dg-algebras. The 
commutative squares in lemma l^4l imply that the v* F induce a morphism of sheaves 
on F, say v* : 1Z — ► 1ZA. Let us verify that it is a quasi-isomorphism. We 
have TLom(L~^ F , p) ~ i/p H.om(L a . Fl Lp.p). Since vp is a fibration with fi- 
bre E 2 /D A , which is acyclic over C, we have, for any sheaf L on E Xp Vf, 
R(v F )*Vp l L ~ L. Hence H'(lZA°f) = H'{1Z°f), as required. 

5.2.2. Decomposition. For a — (0,p) £ A and F = Fa,./ G F with F C Z a , 
let F be the local system on (E/Kj), corresponding to the representation of 
tj given by p and tj : tj — > (see (|55|) and after). Then, by (|6"U|) . L^" F ~ 

For a, (3 € A and F £ F Q| a, we have, by lemma 

H{TZAf) ~ H-(E/S%;C E/S co) ® F(£/Jf j; Wom(^,F.4,F))- 

This isomorphism corresponds to a quasi-isomorphism at the level of de Rham 
complexes. The product of forms, composed with the inverse image by rp gives a 
quasi-isomorphism: 

(65) r(F/5 A 3 ; n £/S co) ® r(F/F. /; n B/JO ® Hom(Li tF , Lp F )) ^ TZAp 13 . 
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However the forms £' V>F 6 Qy+ do not have to be pull-backs of forms by rp and we 
have no natural algebra structure on the sum over (a, f3) € A 2 of the groups appear- 
ing in the left hand side of (|65|1 • For this we will replace the factor T(E/ ; tt E / gco ) 
by a free anti-commutative algebra quasi- isomorphic to it. We will define a sheaf 
1ZB on F (sec (RTH) below) as the product of two sheaves: 1ZS, quasi-isomorphic to 
the de Rham algebra of E/S^ appearing in ll6*5l) . and 1ZIC, given by the twisted de 
Rham complex on E/Kj. 

For A C V, we introduce the dg-algebras A(A), B(A) below, which are free 
anti-commutative algebras, and a quasi-isomorphism, 6(A), between them. (The 
reason for introducing B(A) is to be able to define morphism / below, which would 
be impossible with A(A) instead of B(A).) 

A(A) = C[X V ; v e A], B(A) = C[X V ,Y W ; v &V, w eV\A], 

(66) degX v = 2, deg^ = 1, dX v = 0, dY w = X w , 

6(A) : B(A) -> A(A), Vu eA, I,h X v , G V \ A, X w (->• 0, Y w h+ 0. 
For (a, (3) e A 2 , and a face F = Fa,j € F Qj a we set: 

TlSf = B{A) [-2dc.fi]. 

For other faces, we reduce to the case F E F a /3, as in definition \3. 51 The restriction 
maps are given by the inclusions B(Ai) C B(A2) if A2 C Ai. We have a product 
similar to the product in 1Z, as follows. For a,/3,7 € A, we set e a p 1 — Il^ev -^"> 
where V is defined in {TSJ. We define 7 : 7?.S a/3 <g ^5 /37 ftS" 7 , P®Q^ 

In a similar way, for (a, /3) 6 A 2 , and a face F = Fa,j S F Q( 3 we set: 

TZICf = T{E/Kj- n E/K , ® Hom(L^ F , L^ F )). 

For other faces, we reduce to the case F € F a /3, as in definition !^. 51 The restriction 
maps are the following ones: for Uf 2 C Up t we have a map r\2 : E/Kj 2 — > E/Kj 1 
and L\ F2 = rj^L* Fi , hence an inverse image morphism TOC^P — ► IZKfp^. We also 

have an obvious product m 1 ^ 7 : lZ!C al3 £g> UK? 1 — > HK, ai given by the product of 
forms and the composition of morphisms. 
Definition of 7?.£>. Now we set: 

(67) V(a, /3) G A 2 , ft/?"' 3 = ftS Q/3 ® ft/C Q/3 , ftS = ® (a ^ )£A 2llB aP 

We let m 01 ^ 1 be the tensor product of vti^ 1 and m^f 1 . Since, by definition, the 
e Q( 3 7 satisfy the same identity as the rj a pj, we obtain a product on 1ZB defined 
by the sum of the ■m a/3 ' y . 

Definition of / : TZB — ► 7ZA. For F € F, we note that 7?.,4p is an algebra 
over r(Vp!~; fl v +). We define a morphism : 1ZB F — > IZA^P as the product of 

/| a/3 : ftS^ 3 -» r(y+;fi y +) and f^ af} : KICf -» TZA F ^ , which are obtained as 
follows. 

For a face F, let sj? : Vp~ — > E/ Kj be the composition of rp and the projection 
to E/Kj. For a form cr and a sheaves endomorphism u, we set f F al3 (<7 ® u) = 
s* F (a) <g Sp^u). 

Now we define /j? Q/3 . For uel/, the fundamental class, S v , of F„ in Xz restricts 
to on Xz \ D v . Hence the restriction of on E Xk {Xz \ D v ) is a boundary. Let 
us choose a form ( v 6 T(E x K (Xz \ D v ); ^ex k x z ) sucn that, on E x K (Xz \ D v ) 
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we have = d( v . We set (' v F — v f (£ v \ex k v f ) ( we n °te that, for F = -Fa,,/ and 
v G V such that v $ A, we have Vp fl D v = 0, so that is defined on £ Vp). 
We set: 

v« e v, /| Q/3 (x„) = e;, F , v w g v \ a, /| Q/3 (r w ) = 

Using lemma l5~H one checks that and f F a ^ give morphisms of sheaves, say 

f^P and / Kq ^. We define f af3 = f Saf3 (g> f Kaf3 and / = ®f af} . In view of the 
definitions of the product and the differentials, / is a morphism of dg-algebras. By 
lemmas |5 . 21 and 15 . 31 it is a quasi- isomorphism. 

5.3. Formality of the toric part. We define a sheaf quasi-isomorphic to 1ZS but 
with differential as follows. For (a, (3) G A 2 , and a face F = Fa,j G Fa/?, we set: 

(68) TITf = A(A)[-2d al3 }. 

with the following restriction maps. For two faces Fi — F^ j t , i = 1,2, such that 
Fx C To. (i.e. J7f 2 C U Fl ), we have A 2 C Ai, and the restriction A(Ai) — > A(A 2 ) 
sends X„ to X v for u G A 2 and to for v G Ai \ A 2 . As for 7^.5, other faces are 
reduced to this case. 

We define a product, m^ 1 ', similar to the product of 1ZS . For a,/?, 7 G A, 
we let e a /3 7 be the section of lZT ai defined by (e Q /3 7 )F A .j — &(A)(e Q /3 7 ). We set 
mf 1 : TZT a0 ® ftT^ -> ftT" 7 , P®Q^ e aM PQ. 

Definition of 7£C. We set as in (gJJ: 

(69) V(a, /?) G A 2 , ftC Q/3 = ftT a/3 ® ft/C a/3 , ftC = ©( ai/3 ) e ^C a/3 

We let ra^ 1 be the tensor product of m^ 1 and m^f 1 . The sum mc = ©m^/ 37 
defines a product on 1ZC. The 6(A) defined in (|66|) give a quasi-isomorphism of 
sheaves of dg-algebras 1ZS — ► 7?.T. This induces a quasi-isomorphism of sheaves of 
dg-algebras 1ZB — » 7?.C. 

5.4. Formality of 7?X and conclusion. It remains to prove that the factor UK, 
of 1ZB also is quasi-isomorphic to its cohomology. For this we first give a more 
handy expression for TZK.'jf (see formula (|72|l below). 

For J C {1, . . . , I}, let it j : E/Kj — > E/Kj be the covering map, with group rj, 
and set Aj = (irjJ.fCg^o). Then Aj is a local system on E/Kj, considered as a 
right module over C[tj], locally free of rank one. It is also a sheaf of algebras. For 
a = (O, p) G A, F = Fa, ,/ G T, such that F C Z a , we have, by J55J|: 

L a,F - A/ ®C[tj] ^P- 

Hence, for another element (3 = (C, p') G A, with F C Zp, we have: 
Hom(L\ F ,L\ F ) ~ Hom(Aj ® C [tj] V^Aj ® C [tj] 

We want to "factorise" the local systems Aj and the representation spaces V„, V„> 
in this last formula. We will use the following definition (see |15p. 

Definition 5.5. For a group W and a C-algebra A with a right W-action by 
algebra automorphisms, we set A*[W] = A <S> C[W] with the product, for a G A, 
w G VF, (a ® w) • (a' ® w') — (a(a' ■ w)) ® (w'w). We have a natural embedding 
C[W] op c — > A* [W] , w >—> a w = l®w. It induces a structure of right C[TU]®C[VK] op - 
module on A*[W]: for x G A*[W], w, w' G W, x ■ (w ® «/) = a B ifl K <. 
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We set Bj = C[rj] ®C[tj]° p . We consider Hom(Aj, Aj) as a sheaf of algebras, 
where the product is the composition, and right -Bj-module by (<j) ■ (t ® t'))(a) = 
(4>(a ■ t')) ■ t, for <j> a section of riom(Aj, Aj), a a section of Aj and t, t' G tj. With 
these definitions, one can check that the map 

(70) A t ] [Tj]^Hom{Aj,A,j), a <g> t (a h-> a (a • t)), 

where a, a are sections of and t G tj, is an isomorphism of (sheaves of) algebras 
and right Bj-modules. 

Lemma 5.6. For J C {1, ...,/}, a, j3 G A, F — Fa,j G Tap, we have, with the 
above notations: 

(71) Uom(L\ F , L^ p) ~ Hom(Aj,Aj) ® Bj Hom(V p , Vp/), 

(72) ft/C?/ 3 ~ T(E/K°j; fi B/jK o)*[Tj] ® Bj Ham(V„ 

Proof. Let us prove Q71[l. We will use the following fact. Set i? = C[W] for a finite 
group W and consider left and right i?-modules, M, N, of finite ranks. We have a 
right R- module structure on M* = Homc(M, C) and a left one on N*. Then the 
composition of (vector spaces) morphisms 

(73) (N ® R M)* -> (N ® c M)* M* ® c N* -» M* ® R N* 

is a canonical isomorphism. Indeed, it is compatible with direct sum, and any R- 
module is semi-simple. For N, M irreducible with N ^ M* , both N ®jj M and 
M* (g) R N* are 0. For N = M* , both N ® R M and M* ® R N* are canonically 
identified with C by the duality contractions N <g> M -> C and M * (g> iV* -> C. 
Since the three morphisms in (|73[) commute with the duality contraction their 
composition corresponds to idc- Using this we deduce canonical isomorphisms for 
left and right i?-modules, Mi, Ni, i = 1, 2: 

Hom c (iVi ®r Mi,N 2 ®r M 2 ) ~ (M* ® R N*) ® c (N 2 ®r M 2 ) 

(74) ~ (N* ® c N 2 ) ® R(S ro P (M* cg) C M 2 ) 

~ Hom c (iVi,iV 2 ) <g) fl8fl0 p Home (Mi, M 2 ). 

Since isomorphism (|74|l is canonical, it works as well for sheaves and we obtain ()71ll . 

Now we deduce the second isomorphism. We remark that SIe/Kj ® Aj is iso- 
morphic to (nj)*n E / K o. This isomorphism respects the rj-action and we have, by 
isomorphisms (ITU) and fTOjl : 

Qe/k.j ® Hom(La F , Lp ;F ) ~ ((7rj)*n B/is: o)*[rj] ® B/ Rom(V p ,V p >). 

Since ®b 7 is exact for Bj-modules, the constant sheaf Hom(Vp,Vp') factors out 
when we take global sections, and we obtain (|72|l . □ 

Remark 5.7. On the right hand side of formula (|72|) . the restriction maps are 
given as follows. For another face F 1 — Fa',j' G T a p such that F C F', we 
have Kji C Kj, hence a groups morphism a : tj> — > tj and a quotient map 
p : E/Kj, — > E/Kj. The inverse image of forms by p is compatible with the action 
of tj, tji (via a) and we obtain a dg-algebras morphism: 

b : r(£/X°; V",)'^] ^ TiE/K^r^E/K^YiTj,] ® Bj , Bj, 

by 6(w ® t) — (p*{lo) <8> 1) <8> (1 (8> i), for a form w and i G tj. Tensorisation with 
Hom(V r p , V p >) gives the desired restriction map from TllCf to 7£££?. 
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Let us explain how to recover the product TZK. al3 x HKP 1 — > 1ZK, ai in the 
right hand side of Ij72|l . First we consider isomorphism 1|74(1 . For u : N± — > N2, 
v : Mi — > M2, let us denote by u ■ v : Ni (E>r Mi — > N2 <£)r Mi the image of u ® v 
by iffl)). For left and right i?-modules, M 3 , 7V 3 , it' : iV 2 -> N 3 , v' : M 2 -> M3, we 
see that (it' • i>') o (it • v) = (1/ o u) • (V o u). 

Hence the product in the right hand side of (|71|l is given by the composition 
in 7iom(Aj , Aj) and in Hom(V r p , V p i). When we replace Hom(Aj, Aj) by another 
algebra, say Ri, as in l|72l) . we use the following lemma (with R2 = Hom(V, V), V 
being the sum of irreducible representations of W and cf>2 the action of W on V). 

Lemma 5.8. Let W be a finite group, R = C[W] and Ri, i = 1,2, algebras. Let 
4>i : R op — » R\, 4>2 ■ R — > R 2 be algebras morphisms. We consider the right R®R op - 
module structure on R\ given by a-{w®w') = 4>i(w)a4>i(w'), forw,w' S W , a G R\, 
and the left structure on R 2 , {w ® w') ■ a' = 4> 2 (w)a'4>2(w'). 

Then the formula (a a' ,b <£> b') 1— > ab ® a'b' , for a, b G a', 6' G i?2, gives a 
well-defined product on (E>Rtg,R<>p R 2 )- 

Proof. By symmetry, it is sufficient to prove, for a, b G a', 6' G R 2 , ww' £ 
{(f)\{w)a(f)i{w')b)®a'b l — ab®{4>2{w)a' '(j>2(w')b'). The tensor product is over R®R op , 
so that we are reduced to 

(75) {a<t>i(w')b) <g> a'6' = ab <g> (a'0 2 (w')&'). 

Let us consider the subgroup W C W generated by «/, and R 1 = C[W']. Then it 
is sufficient to prove that (j75(l holds with a tensor product over R' eg) i? /op . Hence, 
replacing W by 14^', we may assume from the beginning that W = {w') is commuta- 
tive. We decompose Ri under the action of w': Ri — ©A,^ec-R^ M , where Va G 
4>i(w')a = Xa, a(f>i(w') — /ia. By additivity, we may assume that a,b,a',b' are 
elements of some But R^ (&r>®r'°p R 2 m is unless A = A' and [i = fj,'. 

Similarly, for a G R^, b G R^ " , the product ab is unless fifi' = 1. Hence we may 

assume a G R^, b G R^ v , a' G i?2 M ' ^2 I* 1 this case formula Ij75|l is 
obvious. □ 

5.4.1. Formality of UK,. Using (|72() we will deduce the formality of 1ZK, from the 
formality of the de Rham algebras of E/Kj obtained in lemma l2~31 

Let us denote by t, tj, the Lie algebras of K, Kj, for J C {1, ...,/}. Let us 
set for short Hj = (S' (tj)) Kj , viewed as a dg-algebra with differential 0; it is 
isomorphic to the if j-equivariant cohomology algebra of the point, H K o({pt}). 

By lemma l2~Hl the choice of a connection on T(E; fig) (in the sense of (jHJ) gives 
functorial quasi-isomorphisms : 

T{E/K°j- n E/K o) J±- W(f) tj _ 6 ^ H°j. 

The normaliser Nk(Kj) acts on the above dg- algebras and Kj acts trivially, so 
that tj — Kj/Kj also acts. The morphisms fj and gj are rj-equivariant and 
yield quasi-isomorphisms: 

(76) T(E/K°j; n E/KOj f[rj] A (W(t) ej . b y[rj} ^ (ff^N. 

Definition of TZV. For (a, (3) G A 2 , we define TZC a(3 similarly as KlC af3 , replac- 
ing the forms over E/Kj in expression Q72J1 by a quasi- isomorphic dg-algebra. The 
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stalks at a face F — Fa, J 6 P Q /3 are given by: 

KCf = (W(e) ej _6)*[rj] ® Bj Hom(l/ p , V), 

with restriction morphisms defined as in remark f5. 71 and product as in lemma 
As for 1ZK., other faces are reduced to this case. In view of the isomorphism (|72[) 
and the quasi-isomorphism fj of (|76|l . we have a quasi-isomorphism of sheaves 
TZC a(3 -» ^/C Q/3 . Setting 

with the product defined as the product of 1ZC, we deduce a quasi-isomorphism of 
sheaves of dg- algebras 1ZT> — > P.C. 

Definition of 7\L£. We define TZM al ^ similarly as 7££ , with stalks at a face 
P = Fa,. j S Pa/3: 

(77) ^ = (H5) 4 [rj] ® Bj Hom(V/ p , V>). 

Then the g' 7 induce a quasi-isomorphism TZC al3 — > lZM al3 and, setting 

we obtain a quasi-isomorphism of sheaves of dg-algebras 1ZT> — > 7?P . 

5.4.2. And of proof. Since the differential in 72.5 is 0, 7££ coincides with its coho- 
mology algebra 7A Finally we have built a sequence of quasi-isomorphic sheaves of 
dg-algebras 1Z — > 7\L.4 «— — > • • • — > W, as required. 

To conclude the proof of proposition 15.11 we remark that in the above sequence 
of quasi-isomorphisms, each of the intermediate sheaves, say A, is defined as a sum 
*4 = ffi( Q ,/3)eA 2 -4 Q/3 ! so that, for aei, A a = (B ai A aia has a natural structure of 
.A-module. It follows that, for a quasi-isomorphism A — * A' in the above sequence, 
the equivalence of categories between and D^/ sends the .4-module A a to a 
*4'-module isomorphic to A' a . This shows that N a corresponds to H a . 

6. PROOF OF THEOREM ll.il 

Now we prove theorem 11.11 using the equivalence of proposition 15.11 between 
B b G (X z ) and T) H (H a ,a e A). In view of this equivalence and the equality 7i — 
® aE AW a , the algebra E of the theorem is isomorphic to Ext^ (W, W) and £q ~ 
Ext DT< (H, H a ), for a — (0,p). We have to prove that D-h(7Y q ) is equivalent to 
Dg (££,). We recall the following construction: 

1) Let A be a sheaf of dg-algebras on a finite set I (hence M.4 has enough K- 
projectives). Let M 1 , . . . ,M r be ^4-modules, P % — > AP a A-projective resolution 
of AP and P = ffi^P 1 . The composition of morphisms induces a structure of dg- 
algebra on R = Horn' (P,P) (see section |2~T1 for the definition of Hom'(-, •)). Wc 
have a functor F : M_4 — > M^, M i— > Hom'(P, M), which sends quasi-isomorphisms 
to quasi-isomorphisms because P is A"-projective. Hence it induces F : — > D^j. 
We set A 1 = F{M l ). Then P restricts to an equivalence of categories between 
D^(M') and Dr(N % ) (for example this is a very special case of [IT], theorem 4.3). 

2) We apply this to D-h(H q }. Since 7Y Q is a direct summand of W, (H a )u F is 
A-projective, for any F e P. Moreover, since P satisfies (i) of assumptions 13. II we 
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see, as in the proof of proposition \3. 191 that the Cech resolution (where wc fix a 
total order on P): 

(78) P a = ...^ (H a ) 

Fi<---<F fc e^ Fe-F 

is a if-projective resolution of H a . We set P — (B a P a and R = Horn' (P,P). 
Following ^31 we use the fact that the differential of H is and define TC to be 
the sheaf of non-graded algebras underlying H. Replacing H by H' above, we 
define similarly 7i' a , P' a , P', R' (we note that P' a still is a PJ-projective resolution 
of TC' a ). The algebras R and R' are canonically isomorphic as differential algebras, 
but they do not have the same graduation. If we write P as a double complex 
P = QijPV and set Q\] = Hom c (P ij ', P kl ), then R d = R n (ek+i=i+j+«lQ§) and 
R' d = Rn(® k=t+d Q%). 

Claim 6.1. the dg-algebra R' is concentrated in degree 0. 

We will prove this below. Let us see why it implies the theorem. We set Ro = 
t<oR' = ■ ■ ■ © R'~ 2 © R 1 ' 1 © kerd . This is a differential sub-algebra of R' (or of 
R as well) and the claim implies that we have quasi-isomorphisms of differential 
algebras: 

R'^R ^H{R'), R Ro ^ H(R). 

In view of the decompositions of R and R 1 above, we have R' d = ® n {R n H R ld ). 
Hence we may endow Rq with the graduation induced by the embedding v! . Then 
v' is a graded morphism: indeed v' is the composition of the projection from Rq 
to R'° n Ro and the projection from kerdfj to H(R); both morphisms are graded 
and so is v'. Now we just remark that H(R) = £ by definition. Moreover, the 
functor from to T)r sends P a ~ H a to Horn' (P, P a ). Since this last object is 
a summand of R, we see that, in the equivalence from Dr to D^^, it is sent to 
its cohomology, Ext^ (P, P Q ) ~ Ext D H (7i, 7i a ) = £q- Summing up we obtain an 
equivalence between D«(W Q ) and Dg^^,}, as desired. 

Proof of claim ] b'.il We have to prove that Hoihd h , (H 1 , H'[p}) is 0, for p ^ 0. We 
use the Cech resolution (|75|l . with W instead of 7Y Q . Since Horn' (H' Uf , W) ~ 
T(Up;H'), we obtain 

RHom(W,W) O^0r([/ f ;WV r(f/ir 1 n Uf 2 ;'H i ) 

FeF Fi<F 2 6F 

Since the open sets C/^fl.. .HC/^ are fundamental open sets, the functor of sections 
over them is exact. Hence the above resolution computes PT(P"; W) and the claim 
follows from the next lemma. □ 

Lemma 6.2. For any G-stable open subset V of Xz, and U = 4>(V), we have 
H l {U ; Tt') — for i > 0, where TC is the non-graded sheaf underlying Ti.. 

Proof. By proposition 15. II we have an isomorphism TL' ~ P£, and, by definition, 
ft£ = ®{ a ,f3)eAi'R£ af3 . Hence it sufficient to prove the vanishing of H l (U;K£ af3 ). 
We fix (a, f3) G A 2 for the remainder of the proof and set for short A = lZ£ af3 . 

1) Let us set V a = X z \ \J v eA' a D V ,V =X Z \ \J veA ' D v , V a p =V a D Vp, U af3 = 
<j>(V a p)- We let j : U a p — > T be the inclusion. We first prove that A = j*{A\u af> )- 
For a face P G J 7 , repeated applications of hypothesis (iii) of assumptions 13. II show 
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that there exists a face F' such that Uf H U a p = Uf' ■ Our claim is equivalent to the 
fact that for any F, the restriction map Af — > Af> is an isomorphism. We have 
already seen, by definition of A^, A» and lemma fTM that L a ~ (L a )v a , Lp ~ 
i?rv^(i,g). It follows that RHom(L a , Lp) ~ RTv a , R'Hom(L a , Lp). Using 
this implies the desired result: 

A F ~ Ext DG(Xz) (L Q |y F ,L /3 |y F ) — Hq(Vf; RHom(L a , Lp)) 

~ H G (V F nV a p;RHom(L a ,Lp)) ~A F >. 

Now we remark that the functor j* is exact, because, for any sheaf B on any 
face F, we have (j*B)p — Bf>, for F 1 satisfying Uf H £/ Q| a = l/pv as above. Hence 
we have iP(77;.A) ~ £P(C/ n U a p\ A). 

2) This means that we may assume V C V^g. We prove the result by induction 
on the number of G-orbits in V. If V consists of the open orbit of Xz, then U is 
the fundamental open set Uf, with F — Fqq. Hence T(U; ■) — (-)f is exact and we 
are done. 

Now let us assume that V — W U Oa , where W C V is a G-stable open subset of 
Xz- By induction the result is true for W. Let Fa, j a be the closed face of O a- Since 
U Fa>Ja contains O a , we have <j>{V) = (f>(W) U Up Ai j A ■ Setting U' = (j>(W) (1 U F&tJ& 
and using the Mayer- Vietoris sequence, it is sufficient to prove: 

(79) Vi > 0, H l (U': A) = 0, and H°(U FAiJa ; -4) i?°(C/'; A) is surjective. 

3) We compute H'(U';A) with the help of a Cech covering. Remember that 
Up A , j, C U Fa „, if and only if A' C A and J C J'. For A' C A, we have Oa H 
C^f a / , = if and only if A' ^ A; but this implicitly assume that Fa',j> is a face, 
i.e. Oa' H Cj' is non-empty. For any A' C A, we have indeed Fa>,j a ^ 0: this is 
easily seen if Xz = X, in which case T is the set of faces of [0, 1]'. This implies 
the general case because Cx z ,j A = 7r ^ l7T (Cxj A ) (where tt is the map Xz —* X). 
It follows that 

(80) ^ = Ua'ca^ a ,, Ja . 

By (|48() . this covering is stable by taking intersections. Since it consists of fun- 
damental open sets, on which the functor of sections is exact, it can be used to 
compute H'(U';-). For this, we have to know A(Uf)- By definition, for any face 
F = F Al ,j 1 eT: 

A{u F ) = a f = nrf ® KMf. 

Let us describe more precisely the components of the tensor product. Recall that 
F G U a p; hence either F T a p U T' a p or F E T a p (see ||SSJ). In the first case we 

have KM a / = KT a / = 0. In the second case, by definition (|68|l we have 

UT f1 =C[X v ;ve Ai], 

and, by (|77|l . 1ZA4 F ^ only depends on J±, say 1ZA4 F = Mj t . These descriptions 
of TZTp and IZAip assume that Fa 1 ,,j 1 is a face. We have seen that this is the 
case for Fa>,.j a with A' C A. 

4) Since, in the covering (JSDJ, all faces have the same "J-index", we obtain 
H l (U'; A) = M(JA)®iF(C-), where C = C"(5 A ) is the following complex. We let 
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Sa be the set of subsets A' of A such that (A a U Ap) C A' C A and we consider 
any total order on Sa: 

C-(S a ) = O^0C[X„; !)eA' 1 ]^0C[I„; vG AinA£]-»--- . 

We have a bijection between 5a and the set, S$, of strict subsets of $ = A \ (A a U 
A^). Setting C x = C[X V ; v e A a UAp] and C 2 = C"(S$), we obtain C" = C x ®C 2 . 

Hence H l (U';A) = M(J A ) <g> d <g> iP(C 2 ). Since H°(U F& J& ,A) ~ M(J A ) <g> 
C[I„; d e A], will follow from 

(81) Vi > 0, iT(C 2 ) = 0, and C[X V ; »e$]^ tf°(C 2 ) is surjective. 

5) We may interpret C 2 as another Cech complex: we consider the following 
sheaves on the quadrant Q — R> , 

Mi = (Bke<s>C{ Xk =o}, M2 associated toOn Sym(Mi(0)) , 

where O C Q is open and Sym{ ) denotes the symmetric algebra. We also consider 
the open subsets of Q, for C $, U$>> = {x k > 0; k 6 $ \ <&'}. The [/$/, for 
S gi ye a covering of Q \ {0}, and 

T{Uv-M 2 )~C[X v ; ()£$']. 

Hence C 2 is isomorphic to the Cech complex C'(([/$<)$'c$; -M 2 ). Now M 2 is con- 
structible for the stratification of Q by the strata Q$' = {2^ = Q, fe S Xk > 
0, $'}, <&' C <F Each open [/$< is contractible to a point by a homotopy pre- 
serving the closures of strata; hence H l (U^r, M 2 ) = 0, for i > 0. It follows that Vi, 
ff i (C 2 )~^(Q\{0};M 2 ). 

For $1 C $ we have of course Sig^^jj^o) — Cr^^o^g,^).. Hence M 2 is a 
sum of sheaves of the type C{ 2 . fc= o.fc e $ 1 }. For each of them, say N = C{ ;Cf . = o : fee$ 1 }, 
we have Vi > 0, H l (Q \ {0};N) = and the map H°(Q;N) -> \ {0};iV) 

is surjective. By additivity, both assertions are true with M 2 instead of N. Wc 
also have i?°(Q;Af 2 ) ~ C[X„; v 6 $]. Hence we obtain (|81|) and the lemma is 
proved. □ 
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